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1. Introduction 

 Parameters of the constructed models  were 

estimated on the basis of the available data coming  

from  reports [9] , [10] and [11] . So, the main issues 

of the work will be preceded by the background, 

based on these reports.  To monitor shipping safety 

and maintain the safety at sea HELCOM annually 

compiles a report on shipping accidents in the Baltic 

Sea. “The Interreg project Baltic LINes (2016-2019) 

seeks to increase transnational coherence of 

shipping routes and energy corridors in Maritime 

Spatial Plans to prevent cross-border mismatches 

and secure transnational connectivity as well as 

efficient and sustainable use of Baltic Sea space”. 

The report  [9] was developed under Work Package 

(WP) 2.1. Screen and analyse available information. 

This report contains the data and maps related to 

shipping in the Baltic Sea. It represents a first 

synthesis of available  literature on the topic of 

shipping in the Baltic Sea and related past, present 

and future developments relevant for MSP. We 

should add that data mainly concern events in the 

Baltic Sea and relatively little information on 

accidents in the ports. 

 

 

 

2. Statistical analysis  

Annual report on shipping accidents in the Baltic 

Sea in 2013 HELCOM (2014) provides a lot of 

important information relevant to our problem. 

From the date coming from  report we can asses 

some parameters in our models. 

 

Figure 1. Total number of ships crossing in the 

Baltic Sea during 2006-2013 

 

Table 1 and Figure 1 show a total number of ships 

crossing  in the Baltic Sea during 2006-2013. The 

minimum number of ships crossing  amounted 
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Abstract 

The  stochastic processes theory provides concepts and theorems that allow to build probabilistic models  

concerning    incidents or (and) accidents.  Counting processes are applied for modelling  accidents number 

in Baltic Sea region  in the given time interval. A crucial role in construction of the models plays a Poisson 

process and its extensions especially a nonhomogeneous Poisson process. The models  of  accidents number  

in the sea and seaports are here presented. Moreover some procedures of  the model parameters  

identification are presented in the paper. Estimation of model parameters was made based on data from 

reports of HELCOM (2014) and Interreg project Baltic LINes (2016-2019).  

 

 

 

 

 

 

 

 

s for  anticipation  of the dangerous events number are presented in the paper. 
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376671 in 2006 and maximum was 430064 in 2008. 

From 2009 to 2013  the number of ships crossing  

was in interval 342754 – 391699. 

Table 1. Total number of ships crossing all fixed 

HELCOM  AIS lines in the Baltic Sea during 2006-

2013 

 

Table 1 shows in detail the number and types of 

ships crossing  in the years 2006 -2013 in the Baltic 

Sea.  

 

Figure 2 .  Different types  of cruises in ships 

crossing  in the Baltic Sea during 2006-2013 

Based on data  coming from[10] we have drawn up  

Figure 3  that shows a total  number of shipping 

accidents in the Baltic Sea  during 2006-2013. 

 According to the reports 149 ship accidents 

occurred in the Baltic Sea area in 2013, which is the 

highest recorded number in the last ten years 

(Figure 3) .  The number of accidents in the Baltic 

Sea has shown a slight increase in the last three 

years. Compared to 2010 the total number of 

accidents increased by 17% in 2013. 

 

Figure 3. Total number of reporting  ship accidents  

in the Baltic Sea during 2004-2013 

Using date form  Table 1 and Figure 1 we can 

compute the  indicators of shipping accidents 

intensity in relation to the ships crossing  number. 

We define indicators    
   

  
   and     

  

   
 , 

where 

       number of ship crossing , 

        number of shipping accidents.   

Table 2. Indicators of shipping accidents intensity in 

relation to the ships crossing  number. 

Year 
  

   

  
   

  

   
 

2006 3275,40 0,000305 

2007 3495,32 0,000286 

2008 3130,84 0,000320 

2009 3258,06 0,000306 

2010 2698,85 0,000370 

2011 2739,15 0,000365 

2012 2596,97 0,000385 

2013 2351,62 0,000425 

From the Figure 4 it follows that the indicator   α  of 

shipping accidents intensity with respect to  the 

ships crossing  number in the Baltic Sea during 

2006-2013 has  a growing trend over time. 
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Figure 4. Indicator   α  of shipping accidents 

intensity with respect to  the ships crossing  number 

in the Baltic Sea during 2006-2013   

 

Figure 5. Indicator   of  ships crossing  number  

with respect to  the shipping accidents in the Baltic 

Sea during 2006-2013 

The indicator    represents the average number of 

ships crossing  on one accident. From Figure 5 it 

follows that the indicator has a decreasing trend 

over time. This number can be interpreted as the 

average number of  ships crossing  between 

accidents. 

The number of shipping accidents increased over the 

past years, with cargo ships most frequently 

involved followed by passenger ships and tankers 

[9],[10],[11]. Human error is the main cause for 

accidents and is mainly related to unintentional 

action. However, 17% of the accidents occurred 

after intentional decisions against common rules and 

plans [9]. The number of collisions with other 

vessels and contacts to fixed or floating objects has 

south-western Baltic Sea is the main hotspot for 

these types of accidents. The offshore wind energy 

sector will have high spatial demands in the future 

especially when ample safety distances are assigned 

to all components and additional space is when 

ample safety distances are assigned to all 

components and additional space is reserved for the 

related service traffic. The expected increase in 

leisure traffic will also demand more space which 

should be possible dedicated to an expansion of 

safety distances to keep the commercial shipping 

possible dedicated to an expansion of safety 

distances to keep the commercial shipping [9]. 

 

 

Figure 6. [10] Types of accidents in the Baltic Sea in 

2004-2013 

 

 

Figure 7. [11]  Location of accidents in the Baltic 

Sea in 2012 

3. Homogenuous Poisson process  

The dangerous events and accidents number in 

Baltic Sea region  during given time   are  the 

randomly changing quantities. The theory of 

stochastic (random) processes allows the modelling 

of the random evolution of systems through the 

time. A crucial role in construction of the models 

plays a Poisson process and its extensions. They 

allow to construct the models of the dengerous 

incidents and accidents  number in the sea and 

0

0,00005

0,0001

0,00015

0,0002

0,00025

0,0003

0,00035

0,0004

0,00045

2006 2007 2008 2009 2010 2011 2012 2013

α

0

500

1000

1500

2000

2500

3000

3500

4000

2006 2007 2008 2009 2010 2011 2012 2013

γ



Grabski Franciszek 

Nonhomogenous Poisson process application to modelling accidents number at Baltic Sea waters and ports 

 

 

42 

seaports of the Baltic region.  

A random process                 is said to be   

process with independent increments  if for all 

          such that                
the random variables  

                                   are 

mutually independent. If the increments        
      and                 for all          
    have the identical probability distributions 

then                 is called a process with the  

stationary independent increments (SII). It is 

proved,that for the SII processes such that       
   an expectation and a variance are  

                                  
                        

(1)                                  

 where 

               and     
                            (2)                                       

An example of a SII random process is a Poisson 

process.  

A stochastic process                  taking values 

on             , with the right continuous 

trajectories is said to be a Poisson process with 

parameter        if:  

1.         
2.                                               

                                            
3.                          

                  

 
      

  
                        

                              

 For       we get a first order distribution of the 

Poisson process:  

                   
     

   
                    

(4) 

 For       we obtain the Poisson distribution with 

parameter   . Hence             and          
   Therefore, from (1) and (2), we obtain the 

expectation and the variance of the Poisson process:  

 

                                                    
      

 For a fixed     this formula determines the Poisson 

distribution with parameter       :  
 

                
    

   
                  

                

Let              represent the consecutive 

instants of the state changes (jumps) in the Poisson 

process or  another process with   the right 

continuous, nondegreasing and picewise constant 

trajectories.  The random variables           
         denote the sojourn times of the states 

     . . Let us notice that   

 

           ,                  ,     

          
   

                 .    

                  

A stochastic process                 defined by the 

formula  

 

                                                         
 

is called a counting process corresponding to a 

random sequence           . 
For the Poisson process with parameter     the 

random variables                          are 

mutually independent and exponentially distributed 

with the identical parameter    .  

The Poisson process is a counting process which is 

genereted by the random sequence           , 
where                    . 

 

4. Nonhomogeneous Poisson process 
 

Let                  be a stochastic process  

taking values on             , value of which 

represents the number of events in a time interval 

     .  

A counting process                 is said to be 

nonhomogeneous  Poisson process  (NPP) with an 

intensity function                such that         
                         if 

1.                
 

2. The process                  is the 

stochastic process with independent 

increments and  the right continuous 

trajectories; 

 
 

3.                                      ( 5 

) 

  
        

   

 
 
 

   
         

   

   

From this definition it follows that the one 

dimensional distribution of  NPP is given by the rule 

               
        

 

 
 
 

   
         

 

               

(6) 
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The expectation and  variance of NPP are the 

functions 

                       
 

 
            ,           (7) 

                       
 

 
              

The corresponding standard deviation is  

                           
 

 
          

The expected value of the increment 

                     

                          

            
   

 
                                                    

(8) 

The corresponding standard deviation is  

                         

             
   

 
                                                (9 

) 

 

 An nonhomogeneous Poisson process with 

              for each t ≥ 0, is a regular 

Poisson process. 

 The increments of an nonhomogeneous Poisson 

process are independent, but not necessarily 

stationary.   

A nonhomogeneous Poisson process is a Markov 

process. 

 

4.1.Illustrative example 

The number of accidents during one  year can be 

describe by  a nonhomogeneous Poisson process 

with an intensity function  given by  

         

                     
                       

                       

  

Using (7) we compute  the expected value of the 

process. We obtain 

         

                                            
                              
                             

  

The number of dangerous events between May 1 

and September 30 is a random variable having 

Poisson distribution with  parameter           given 

by  (8), 
where        [day]  and           [day]. 

Hence, from  (8 ) and ( 9) we obtain the parameter 

of the Poisson distribution 

                              
               . 

The corresponding to it standard deviation is 

            = 10,46. 

Probability that the number of dangerous events 

between May 1 and September 30 is not greater than 

100 is 

             
    

   
       

       where      

       
 

Applying approximation  by normal distribution we 

get 

           
          

     
           

       
 

5. Models of accidents number in the Baltic 

Sea and Seaports 
 

Let                  be a stochastic process  taking 

values on             , value of which represents 

the number of accidents  in the Baltic Sea in a time 

interval      . Due to the nature of these events,  

pre-assumption that it is a nonhomogeneous Poisson 
process with some parameter         , seems to 

be justified.  The expected value of increment of this 

process is given by  (8) while its one dimensional 

distribution is determined by (6). We can use 

practically these rules if will know the intensity 

function       . To define this function  we 

utilize information presented above in Statistical 

Analysis. 

 

5.1. Estimation of models parameters 

Dividing the number of accidents  in each year, that 

are shown in figure 3, by 365 or 366 we get the 

intensity in units of [1 / day ]. The results are shown 

in Table 3. Figure 8 shows the empirical intensity of 

accidents in the Baltic Sea and Seaports. 

As a parameters of the models we will approximate 

the empirical intensity by a linear regression 

function         that  satisfied condition 

                           
 

   

      

Recall that parameters     and      are  given by the 

rules 

     
   

   
                                              

(10) 
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or 

      
  

  
             , 

where           

                
 

 
    

 

   

        
 

 
     

 

   

  

        
 

 
     
 
    ,                       

     
   

        
 . 

 

Table 3. The empirical intensity of accidents in the 

Baltic Sea and Seaports 

 

Year Interval  Center of 

interval 

Number 

of 

accidents 

Intensity   

[1/day] 

2004 [0, 366) 183 133 0,36338 

2005 [366,731) 731,5 146 0,40000 

2006 [731, 1096) 913,5 115 0,31506 

2007 [1096, 1461) 1278,5 118 0,32328 

2008 [1461, 1827) 1644 138 0,37704 

2009 [1827, 2192) 2009,5 115 0,31506 

2010 [2192, 2557) 2374,5 127 0,34794 

2011 [2557, 2922) 2374,5 143 0,39178 

2012 [2922, 3288) 3105 148 0,40437 

2013 [3288, 3653) 3470,5 149 0,40821 

 

Applaying the rules  (10) for the data from Table 3 

and using Excel we obtain the linear intensity of 

accidents 

 

                        

                                                        (11) 

 

From (7) we have 

 

                      
 

 

                  
 

Hence we obtain 

 

                        
 

                                                             (12) 

                                

 

Figure 8. The empirical intensity of accidents in the 

Baltic Sea and Seaports 

From (6) and (7) we obtain one dimensional 

distribution of  NPP  

               
      

 

   
                               (13)        

            ,    

 

where          is given by (9). 

Finnally we can say that the model of the accident 

number in the Baltic Sea and Seaport is the 

nonhomogeneous Poisson process with the 

parameter                   determines by (9). 

 

5.2. Anticipattion of the accident number  
 

From ( 6) we  get 

                                        (14) 

 

    
              

   
                 

It  means that we can anticipate number of accidents 

at any time interval with a length of h. The expected 

value of the increment 

                is defined by (8). 

For the function       given by  (9)  we obtain the 

expeted value of the accidents at  time interval   

        
 

                                                 (15 ) 

 

where 

 

                  and    b=              

 

The corresponding standard deviation is  

 

                                                 (16) 

 

Example 1 

We want to predict the number of accidents from  

0

0,05

0,1

0,15

0,2

0,25

0,3

0,35

0,4

0,45

183 731,5 913,5 1278,5 1644 2009,5 2374,5 2374,5 3105 3470,5
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June 1 of 2017 to September 30 of 2017. We also 

want to calculate the probability of a given number 

of accidents. 

First we have to determine parameters      and     . 

To do it we extent part of Table 9. 

Table 4. Extensions of part of Table 9 

2013 [3288, 3653) 

2014 [3653, 4018) 

2015 [4018, 4383) 

2016 [4383, 4749) 

2017 [4749, 5114) 

From January 1 of 2017 to June 1 of 2017 have 

pased 151 days. Hence                 . 

From June 1 to September 30 have passed    =122  

days. For these parameters we obtain 

 

      
      

 

This means that the average predicted number of 

accidents between 1 June 2017 and 30 September 

2017 is about 50 with a standard deviation of about 

7. 

Probability that the number of accidents  in the 

Baltic Sea and Seaports between June 1,  2017 and 

September 30 , 2017 is not greater than  d=60 and 

not less that c=40 is 

                               

  
      

   
       

    

    
  

 

Applying approximation  by normal distribution we 

get 

 

           
        

    
    

        

    
   

         
 

5.3. Models describing total sum of accidents  

in the in the Baltic See Region. 
 

From the so-called theorem on adding of the random 

variables with  Poisson distributions it follows that  

the sum of     independent nonhomogeneous 

Poisson processes                         with 

parameters                       is  the 

nonhomogeneous Poisson process with parameter 

                               . It 

means that the process                         
                        is  the  

nonhomogenous Poisson. This process counts total 

number of accidents in a Baltic Sea Region in a time 

interval           while the processes       
                   denote different kind of 

accidents due the partition of them according to 

different criteria.  

A first order distribution of this  process is given by 

the rule 

               
        

 

 
 
 

   
         

 

   

               
where    

 

                                    . 

 

It is also true to say that every nonhomogeneous 

Poisson process can be represented as a sum of 

independent Poisson processes with parameters  

                     such that             
                   .  

 

5.4. Models describing different kinds of 

number of accidents   in the Baltic See due to 

location 
 

Due to the location of the accident, based on the 

data presented in Figure 7, the nonhomogeneous  

Poisson process can be represented as a sum 

 

                                    
 

where 

 

                                         , 
                                              
                                               
                                    
 

The corresponding to these processes parameters 

are: 

 

        =0,44     ,                                                  
(17) 

         =0,35      ,                                                           
         =0,07         
 

5.5. Models describing number of accidents   

in the Baltic See Ports 
 

According to  (12)  and  (17)  the expectation of the  

process          describing  number of accidents in 

the Baltic Sea Ports is given by 
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                                                                    (18) 

 

The expected value of the accidents at  time interval   

        is 

               
                                     

(19) 

 

where 

 

                   ,                                     

(21)    

  

                                                         
(22) 

 

The corresponding standard deviation is  

 

             
              .                   ( 

23) 

 

Example 2 

We want to anticipate the number of accidents in the 

Baltic Sea Ports  from  June 1 , 2017 to September 

30, 2017. We also want to calculate the probability 

of a given number of that kind of accidents. 

Parameters      and    are the same like in example l, 

parameters     and      are given by  (21) and (22). 

Using the formula ( 19) we obtain the expected 

value of the accidents  in the Baltic Sea  Ports in 

time interva        -between June 1, 2017 to 

September 30, 2017; 

 

                 .  

 

Applying formula (23) we get the corresponding to 

that one standard deviation 

 

                    
 

Probability that the number of accidents  in the 

Baltic Sea Ports in that interval of time is not greater 

than  d=30 and not less that c=15 is approximately 

equal to  

 

              
        

    
    

        

    
   

             
                

6. Conclusions  
 

The  random processes theory deliver concepts and 

theorems that enable to construct   stochastic models  

concerning the incidents or (and) accidents.  

Counting processes and  processes with independent 

increaments are the most  appropriate for modelling  

number of the dangerous events and accidents 

number in Baltic Sea  and  Baltic Seaports in 

specified period of  time. A crucial role in the 

models construction  plays a nonhomogeneous 

Poisson process . Models of accidents number in the 

Baltic Sea and Seaports are constructed. Moreover 

some procedures of  the model parameters  

identification are presented in the paper. Estimation 

of model parameters was made based on data from 

reports of HELCOM (2014) and Interreg project 

Baltic LINes (2016-2019). To select the most 

appropriate model one should  verify the models 

using appropriate statistical tests. But it requires a 

large number of data. 
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