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Abstract 
 

There are presented the methods of identification of the climate-weather change process. These are the methods 

and procedures for estimating the unknown basic parameters of the climate-weather change process semi-

Markov model and identifying the distributions of the climate-weather change process conditional sojourn 

times at the climate-weather states. There are given the formulae estimating the probabilities of the climate-

weather change process staying at the particular climate-weather states at the initial moment, the probabilities 

of the climate-weather change transitions between the climate-weather states and the parameters of the 

distributions suitable and typical for the description of the climate-weather change process conditional sojourn 

times at the particular climate-weather states. The proposed statistical methods applications for the unknown 

parameters identification of the climate-weather change process model determining the climate-weather change 

process parameters for the maritime ferry operating at Gdynia port area are presented. 

 

1. Introduction 
 

The general model of the climate-weather change 

processes is proposed in [3] and [13]. The safety 

models of various multistate complex technical 

systems are considered in [5]. Consequently, the 

general joint models linking these system safety 

models with the model of their climate-weather 

processes, allowing us for the safety analysis of the 

complex technical systems at the variable climate-

weather conditions, are constructed in [6]. To be able 

to apply these general models practically in the 

evaluation and prediction of the reliability and safety 

of real complex technical systems it is necessary to 

have the statistical methods concerned with 

determining the unknown parameters of the proposed 

models [1]-[2], [7]-[8], [10]-[11], [22]. Particularly, 

concerning the climate-weather process, the 

probabilities of the climate-weather change process 

staying at the particular climate-weather states at the 

initial moment, the probabilities of the climate-

weather process transitions between the climate-

weather states and the distributions of the conditional 

sojourn times of the climate-weather process at the 

particular climate-weather states should be identified 

[9], [15]-[16]. It is also necessary to use the methods 

of testing the hypotheses concerned with the climate-

weather process conditional sojourn times at the 

climate-weather states [15]. 

 

2. Identification and modeling of climate-

weather change process 
 

We consider the climate-weather change process  
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C(t), ,,0 t  for the critical infrastructure 

operating area with w, w  N, different climate-

weather change states c1, c2, ..., cw from the set {c1, 

c2, ..., cw}. We assume a semi-Markov model [14]-

[20], of the climate-weather change process C(t) and 

we mark by Cbl its random conditional sojourn times 

at the climate-weather states bc , when its next 

climate-weather state is ,lc  b,l = 1,2,…,w, b  l. 

Let   be the duration time of the experiment. 

Furthermore, we denote by )0(n  the realisation of 

the total number of the climate-weather change 

process stay at the particular climate-weather states 

at the initial moment 0t  and by ,)]0([ 1 wbn   b  

1,2,...,w, the vector of realisations of the numbers of 

staying of the climate-weather change process 

respectively at the climate-weather states 1c , 2c , …, 

wc , at the initial moments 0t  of all )0(n  

observed realizations of the climate-weather change 

process. Moreover, we denote by wwbln ][  the matrix 

of the realizations of the numbers bln ,  

b,l  1,2,...,w, b  l, of the transitions of the climate-

weather change process from the climate-weather 

state bc  into the climate-weather state lc  at all 

observed realizations of the climate-weather change 

process. We also denote by ,][ 1 wbn   the vector of the 

realizations of the numbers bn , b  1,2,...,w, of 

departures of the climate-weather change process 

from the climate-weather states cb. 

Under these assumptions, the climate-weather 

change process may be described by the vector 

wbq x1)]0([  of probabilities of the climate-weather 

change process staying at the particular climate-

weather states at the initial moment ,0t  the matrix 

wwbl tq x)]([  of the probabilities of the climate-

weather change process transitions between the 

climate-weather states and the matrix wwbl tC x)]([  of 

the distribution functions of the conditional sojourn 

times blC  of the climate-weather change process at 

the climate-weather states or equivalently by the 

matrix wwbl tc x)]([  of the density functions of the 

conditional sojourn times Cbl, b,l = 1,2,…,w,
 
b  l, of 

the climate-weather change process at the climate-

weather states. These all parameters of the climate-

weather change process are unknown and before 

their use to the prognosis of this process 

characteristics have to be estimated on the basis of 

statistical data coming from practice. 

 

 

 

3. Statistical identification of climate-weather 

change process for maritime ferry 
 

3.1. Defining parameters and data collection 

of climate-weather change process for 

maritime ferry 
 

The unknown parameters of the climate-weather 

change process semi-Markov model are:  

- the initial probabilities )0(bq , b  1,2,...,8, of the 

climate-weather change process staying at the 

particular states bc  at the moment t = 0, 

- the probabilities blq , b,l  1,2,...,8, ,lb   of the 

climate-weather change process transitions from the 

climate-weather state bc  into the climate-weather 

state ,lc   

- the distributions of the climate-weather change 

conditional sojourn times blC , b,l  1,2,...,8, ,lb   

at the particular climate-weather states and their 

mean values ],[ blbl CEM   b,l  1,2,...,8, lb  . 

To identify all these parameters of the climate-

weather change process the statistical data about this 

process is needed.  

The collected by the system operators statistical data 

necessary to evaluating the initial transient 

probabilities of the climate-weather change process 

at the particular states are: 

- the climate-weather change process observation / 

experiment time   = 7 years (2009-2015), 

- the number of the climate-weather change process 

realizations ,197)0( n   

- the vector of realizations of the numbers of the 

climate-weather change process staying at the 

particular climate-weather state bc  at the initial 

moment t = 0 

 

   )]0([ bn  = [112, 84, 0, 0, 0, 0, 1, 0]. 

 

The collected statistical data necessary to evaluating 

the probabilities of transitions of the climate-weather 

state change process C(t) between the climate-

weather states are:  

- the matrix of realizations of the numbers of 

climate-weather change process transitions from the 

state bc  into the state lc  during the experiment time 
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- the vector of realizations of the total numbers of the 

climate-weather change process transitions from the 

climate-weather state bc  during the experiment time 

 

   ][ bn  = [4, 191, 161, 13, 0, 0, 1, 0]. 

 

The statistical data for the conditional sojourn times 

blC  at the climate-weather states bc  when the next 

climate-weather state is lc , b,l  1,2,...,8, ,lb  are as 

follows: 

 the realizations C12: 12, 9, 1, 4; 

 the realizations C21: 180, 168, 144, 120, 96, 72, 48, 

24, 1, 6, 1; 

 the realizations C23: 1, 233, 216, 192, 168, 144, 

120, 96, 72, 48, 24, 2, 1, 20, 68, 54, 30, 6, 21, 3, 3, 

9, 1, 275, 250, 226, 202, 178, 154, 130, 106, 82, 58, 

34, 10, 2, 6, 251, 227, 203, 179, 155, 131, 107, 83, 

59, 35, 11, 1, 130, 123, 99, 75, 51, 27, 3, 1, 1, 1, 3, 

4, 1, 1, 1, 10, 10, 152, 143, 119, 95, 71, 47, 23, 1, 4, 

1, 274, 252, 228, 204, 180, 156, 132, 108, 84, 60, 

36, 12, 1, 28, 14, 2, 7, 37, 22, 2, 3, 25, 19, 13, 1, 1, 

1, 2, 1, 5, 2, 1, 1, 1, 1, 5, 84, 65, 41, 17, 2, 410, 396, 

372, 348, 324, 300, 276, 252, 228, 204, 180, 156, 

132, 108, 84, 60, 36, 12, 1, 1, 1, 1, 1, 1, 1, 159, 152, 

128, 104, 80, 56, 32, 8, 37, 23, 1, 68, 43, 19, 1, 10, 

1, 45, 34, 10, 4, 10, 12, 5, 4, 1, 14, 5, 4, 1, 6, 2, 1, 

35, 28, 4, 2, 6; 

 the realizations C32: 1, 6, 5, 186, 169, 145, 121, 97, 

73, 49, 25, 1, 11, 1, 32, 14, 1, 3, 5, 6, 53, 47, 23, 1, 

1, 4, 2, 3, 59, 38, 14, 1, 15, 8, 190, 185, 161, 137, 

113, 89, 65, 41, 17, 1, 6, 1, 8, 2, 1, 41, 16, 1, 2, 25, 

12, 9, 1, 8, 1, 3, 1, 11, 20, 3, 5, 39, 27, 3, 4, 37, 23, 

85, 61, 37, 13, 8, 3, 191, 175, 151, 127, 103, 79, 55, 

31, 7, 4, 16, 12, 6, 1, 64, 60, 36, 12, 6, 2, 2, 5, 1, 1, 

3, 2, 2, 158, 133, 109, 85, 61, 37, 13, 170, 167, 143, 

119, 95, 71, 47, 23, 1, 3, 1, 1, 6, 8, 3, 1, 1, 1, 1, 9, 1, 

1, 2, 21, 1, 2, 10, 1; 

 the realizations C34: 81, 77, 53, 29, 5, 27, 9, 1, 38, 

36, 12, 2, 1, 59, 49, 25, 1, 1, 1, 1, 11, 2; 

 the realizations C43: 1, 11, 1, 12, 2, 2, 3, 1, 3, 1, 1, 

17; 

 the realizations C47: 11; 

 the realizations C74: 1. 

3.2. Evaluating basic parameters of climate-

weather change process for maritime ferry 
 

On the basis of the statistical data from Section 3.1, it 

is possible to evaluate the following unknown basic 

parameters of the climate-weather change process: 

- the vector 

 

   )]0([ bq  = [0.569, 0.426, 0, 0, 0, 0, 0.005, 0] 

 

of the initial probabilities )0(bq , b,l  1,2,...,8, of the 

climate-weather change process staying at the 

particular states bc  at the t = 0, 

- the matrix 
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of the probabilities blq , b,l  1,2,...,8, of transitions 

of the climate-weather change process from the 

climate-weather state bc  into the climate-weather 

state lc .  

 

3.3. Evaluating parameters of distributions of 

climate-weather change process for maritime 

ferry 
 

On the basis of the statistical data partly presented in 

Section 3.1 using the procedure and the formulae 

given in [13], it is possible to determine the empirical 

parameters of the conditional sojourn times of the 

climate-weather change process at the particular 

climate-weather states. To illustrate the application 

of this procedure and these formulae, we perform it 

for the conditional sojourn time C32, and the results 

are: 

- the realization 32C  of the mean value of the 

conditional sojourn time C32 of the climate-weather 

change process at the climate-weather state c3 when 

the next transition is to the climate-weather state c2 

 

   




139

1

3232 ,82.38
139

5396

139

1

k

kCC  
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- the number 32r  of the disjoint intervals 

),, 3232
jj

j baI  32,...,2,1 rj  , that include the 

realizations kC32 , 139,...,2,1k  of the conditional 

sojourn times C32 at the climate-weather state c3 

when the next transition is to the climate-weather 

state c2 

 

   1213932 r , 

 

- the length d32 of the intervals ),, 3232
jj

j baI 

,12,...,2,1j  that after considering 

 

   
1901191minmax 32

1391
32

1391
32 



k

k

k

k
CCR  

 

is 

 

   
,27.17

11

190

132

32
32 




r

R
d

 
 

- the ends ,32
ja  

jb32 , of the intervals ),, 3232
jj

j baI 

,12,...,2,1j  that after considering 

 

   
,64.7

2

27.17
3

2
min 32

32
1391




d
Ck

k  
 

are  

 

   
0}0,64.7max{1

32 a ,   

   
1
32b  = 

1
32a  + 17.27 = 0 + 17.27 = 17.27, 

   
2
32a  = 

1
32b  = 17.27,   

   
2
32b  = 

1
32a  + 2  17.27 = 0 + 34.54 = 34.54, 

   
3
32a  = 

2
32b  = 34.54,   

   
3
32b  = 

1
32a  + 3  17.27 = 0 + 51.81 = 51.81, 

   
4
32a  = 

3
32b  = 51.81,   

   
4
32b  = 

1
32a  + 4  17.27 = 0 + 69.08 = 69.08, 

   
5
32a  = 

4
32b  = 69.08,   

   
5
32b  = 

1
32a  + 5  17.27 = 0 + 86.35 = 86.35, 

   
6
32a  = 

5
32b  = 86.35,   

   
6
32b  = 

1
32a  + 6  17.27 = 0 + 103.62 = 103.62, 

   
7
32a  = 

6
32b  = 103.62,   

   
7
32b  = 

1
32a  + 7  17.27 = 0 + 120.89 = 120.89, 

   
8
32a  = 

7
32b  = 120.89,   

   
8
32b  = 1

32a  + 8  17.27 = 0 + 138.16 = 138.16, 

   9
32a  = 8

32b  = 138.16,   

   
9
32b  = 1

32a  + 9  17.27 = 0 + 155.43 = 155.43, 

   10
32a  = 9

32b  = 155.43,   

   
10
32b  = 1

32a  + 10  17.27 = 0 + 172.70 = 172.70, 

   11
32a  = 10

32b  = 172.70,   

   
11
32b  = 1

32a  + 11  17.27 = 0 + 189.97 = 189.97, 

   12
32a  = 11

32b  = 189.97,   

   
12
32b  = 1

32a  + 12  17.27 = 0 + 207.24 = 207.24, 

 

- the numbers 
jn32  of the realizations 

kC32  in 

particular intervals ),, 3232
jj

j baI  ,12,...,2,1j   

 

   1
32n  81, 2

32n  10, 3
32n  11, 4

32n  8, 5
32n  5,  

   6
32n  4, 7

32n  3, 8
32n  4, 9

32n  3, 10
32n  5,  

   11
32n  3, 12

32n  2, 13
32n  0. 

 

3.4. Identification of distribution functions of 

climate-weather change process for maritime 

ferry 
 

Using the procedure given in [4], [16] and the 

statistical data from Section 3.1 and the results from 

Section 3.3, we may verify the hypotheses on the 

distributions of the climate-weather change process 

conditional sojourn times blC , b,l  1,2,...,8, ,lb   at 

the particular states. To do this, we need a sufficient 

number of realizations of these variables [2], [8], 

[21], [23]-[24], namely, the sets of their realizations 

should contain at least 30 realizations coming from 

the experiment. This condition is not satisfied for the 

statistical data we have in disposal and that are 

presented in Section 3.1. However, to make the 

procedure familiar to the reader, we perform it for 

the conditional sojourn time C32 having sufficiently 

numerous set of realizations and preliminarily 

analyzed in Section 3.3. 

 

Table 1. The realization of the histogram of the 

climate-weather change process conditional sojourn 

time C32 
 

Histogram of the conditional sojourn time C32 

), 3232
jj

j baI   0 - 

17.27 

17.27 - 

34.54 

34.54 - 

51.81 

51.81 - 

69.08 

69.08 - 

86.35 

86.35 - 

103.62 

103.62 - 

120.89 

120.89 - 

138.16 

138.16 - 

155.43 

155.43 -

172.70 

172.70 -

189.97 

189.97 -

207.24 

jn32
 81 10 11 8 5 4 3 4 3 5 3 2 

323232 /)( nnth j  81/139 10/139 11/139 8/139 5/139 4/139 3/139 4/139 3/139 5/139 3/139 2/139 
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The realization 32c  of the histogram of the climate-

weather change process conditional sojourn time C32, 

is presented in Table 1 and illustrated in Figure 1. 

 

 
 

Figure 1. The graph of the histogram of the climate-

weather change process conditional sojourn time C32 
 

After analyzing and comparing the realization )(32 tc  

of the histogram with the graphs of the density 

functions )(tcbl  of the previously distinguished in [3] 

distributions, we formulate the null hypothesis H0 in 

the following form: 

H0: The climate-weather change process conditional 

sojourn time C32 at the climate-weather state c3 when 

the next transition is to the climate-weather state c2, 

has the Gamma distribution with the density function 

defined by (4.8) in [3] of the form 

 

   )(32 tc
 

   
 

















.,
)(

/)(exp)(

,0

32

3232

3232
1

32

32

32

32

xt
xtxt

xt







    (8) 

 

We estimate the unknown parameters of the density 

function of the hypothetical Gamma distribution 

using the formulae (2.45) - (2.46) and we obtain the 

following results 

 

   ,01
3232  ax   ,0.527 

)(

)(
2*

32

2
3232

32 



S

xC
  

    73.606, 
)(

3232

2*
32

32 



xC

S
  

 

where 
2*

32 )(S  is the variance of C32 given by 

 

    


139

1

2
3232

2*
32 )(

138

1
)(

k

k CCS  

            2857.366.
138

394316.5
  

 

We join the intervals defined in the realization of the 

histogram )(32 th  into new intervals and we perform 

the following steps: 

- we fix the new number of intervals 732 r , 

- we determine the new intervals and we fix the 

numbers of realizations in the new intervals 

 

Table 2. The numbers of the conditional sojourn time 

C32 realizations in the intervals jI  
 

), 3232

jj

j baI   
0 - 

34.54 

34.54 

- 

51.81 

51.81- 

69.08 

69.08 

- 

86.35 

86.35 

- 

120.89 

120.89 

-

172.70 

172.70 

-

  

j

n32  
91 11 8 5 7 12 5 

 

- we calculate the hypothetical probabilities that the 

variable C32 takes values from the new intervals 

 

   )34.54 0()( 321321  CPICPp   

   
 C32(34.54)  C32(0)  0.65 - 0 = 0.65, 

   )51.81 34.54()( 322322  CPICPp   

   
 C32(51.81)  C32(34.54)  0.75 - 0.65 = 0.10, 

   )69.08  51.81()( 323323  CPICPp   

   
 C32(69.08)  C32(51.81)  0.82 - 0.75 = 0.07, 

   )86.3569.08 ()( 324324  CPICPp   

   
 C32(86.35)  C32(69.08)  0.87 - 0.82 = 0.05, 

   )120.89 86.35()( 325325  CPICPp   

   
 C32(120.89)  C32(86.35)  0.92 - 0.87 = 0.05, 

   ) 172.70120.89 ()( 326326  CPICPp  

   
  C32(172.70)  C32(120.89)  0.97 - 0.92 = 0.05, 

   ) 172.70()( 327327  CPICPp   

   
 C32( )  C32(172.70)  1 - 0.97 = 0.03, 

 

- we calculate the realization of the 
2 (chi-square)-

Pearson’s statistics 

 







7

1 32

2
3232

32

)(

j j

j
j

pn

pnn
u

650139

)65013991( 2

.

.






 

        100139

)10013911( 2

.

.


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

070139
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.

.






 

        050139

)0501395( 2

.

.






050139

)0501397( 2

.

.






 

        050139

)05013912( 2

.

.






030139

)0301395( 2

.

.






 
     0.0047 + 0.605 + 0.3076 + 0.5471 + 0.0004  

      + 3.6694 + 0.1652 = 5.2994   5.30, 

 

- we assume the significance level 05.0 , 

- we fix the number of degrees of freedom 
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   ,4127132  lr  

 

- we read from the Tables of the 2 Pearson’s 

distribution the value u  for the fixed values of the 

significance level 05.0  and the number of 

degrees of freedom ,4132  lr  such that, 

according to (2.48), the following equality holds 

 

   P(U32  uα)  α  0.05 

 

that amounts uα  9.49 and we determine the critical 

domain in the form of the interval (9.49,  ) and 

the acceptance domain in the form of the interval  

 0, 9.49 . 

- we compare the obtained value u32  5.30 of the 

realization of the statistics U32 with the read from the 

Tables critical value uα  9.49 of the chi-square 

random variable and since the value u32  5.30 does 

not belong to the critical domain, i.e.  

 

   u32  5.30  uα  9.49, 

 

then we do not reject the hypothesis H0, that the 

sojourn time C32 has the Gamma distribution with the 

density function given by (8). 

For the remaining cases, when the realizations of 

conditional sojourn times blC , b,l  1,2,...,8, ,lb   

at the particular climate-weather states are more than 

30, proceeding afterwards in an analogous way as in 

the case of the conditional sojourn time C32, we can 

get, that the climate-weather change process 

conditional sojourn time C23 has the exponential 

distribution with the density function defined by 

(4.5) in [3] of the form 

 

   )(23 tc








,)],(exp[

,0

23232323

23

xtxt

xt


 

 

with the parameters 

 

   ,01
2323  ax   

   

.0.0138
072.52

11

2323

23 






xC

  

 

For the distributions identified in this section, by 

application either the general formulae for the mean 

value given by (2.12) or the particular formulae 

(2.13)-(2.19) in [16], the mean values ],[ blbl EM   

b,l  1,2,...,8, ,lb   of the maritime ferry climate-

weather change process conditional sojourn times at 

the particular climate-weather states can be 

determined and they amount: 

 

   M23 72.46,  M32 38.79. 

 

Because of the lack of sufficient numbers of 

realizations of the climate-weather change process 

conditional sojourn times at the climate-weather 

states, it is not possible to identify statistically their 

distributions. In those cases of not identified 

distributions it is possible to find the approximate 

empirical values of the mean values ][ blbl CEM   of 

the conditional sojourn times at the particular 

climate-weather states that are as follows: 

 

   M12 = 6.50, M21  78.18, M34  23.68, M43  4.58,  

   M47 = 11.00, M74 = 1.00. 

 

As there are no realizations of the maritime ferry 

climate-weather change process conditional sojourn 

times at the climate-weather states 

 

   
C13, C14, C15, C16, C17, C18, C24, C25, C26, C27, C28,  

   C31, C35, C36, C37, C38, C41, C42, C45, C46, C48, C51,  

   C52, C53, C54, C56, C57, C58, C61, C62, C63, C64, C65,  

   C67, C68, C71, C72, C73, C75, C76, C78, C81, C82, C83,  

   C84, C85, C86, C87, 

 

then it is impossible to estimate their empirical 

conditional mean values  

 

   
M13, M14, M15, M16, M17, M18, M24, M25, M26, M27,  

   M28, M31, M35, M36, M37, M38, M41, M42, M45, M46,  

   M48, M51, M52, M53, M54, M56, M57, M58, M61, M62,  

   M63, M64, M65, M67, M68, M71, M72, M73, M75, M76,  

   M78, M81, M82, M83, M84, M85, M86, M87. 

 

4. Conclusions 
 

The proposed statistical methods of identification of 

the unknown parameters of the climate-weather 

change processes allow us for the identification of 

the models discussed in [6] and next their practical 

applications in evaluation, prediction and 

optimization of reliability, availability and safety of 

real complex critical infrastructures. 
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