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Abstract

In the paper an approach to the reliability analysis of multistate series systems assuming their components
dependency according to the local load sharing rule is presented. There is introduced the local load sharing
model of components dependency (of departures from the reliability states subsets) and the reliability function
of a multistate series system with dependent components is determined. These results are also presented in case
system components have exponential reliability functions and in this case basic reliability characteristics are

given.

1. Introduction

In reliability analysis the independence of system
components is often assumed. This assumption
means that failure of a component has no influence
on the remaining surviving components. However, in
many real technical systems after failure of any
system components its load is transmitted to the
remaining surviving components. Then,
dependencies among system’s components have
significant influence on the reliability of a system.
Thus, modeling systems with interdependent
components is an important issue.

As emphasized by the authors of [16], a key factor of
load sharing models is the rule that indicates how the
failure rates of surviving components change after
some components fail. Commonly used local load-
sharing rules are equal, local and monotone load-
sharing. The classical model of equal load sharing
has been studied early by Daniels [6] and Smith [17],
[18], and later by Pradhan et al. [14]. Kvam and Pena
[12] have analyzed equal load-sharing model, in
which the failure rates of the working components
change uniformly after each failure within the
system, but the magnitude of the change is unknown.
Local load sharing rule, more realistic for some
systems, in which the load on the failed component is
transferred to its adjacent components and the load
on the surviving components is directly proportional
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to their distance from the failed component was
introduced by Harlow and Phoenix [7], [8] and
further analyzed by Phoenix and Smith [13]. The
monotone load-sharing rule dictates that the load on
any individual component is non-decreasing as other
components within the system fail. In [16] there is
considered parallel system, in which some of
components follow a constant failure rate and the
remaining follow a linearly increasing failure rates.
There can be found different models of failure
dependency of system components as well as
different approaches to this problem, both analytical
and simulation [9], [15].

Authors in [22] develop a model for a load sharing
system where an operator dispatches work load to
components in a manner that manages their
degradation. With this approach to the analysis of
systems with dependent components taking into
account the time to degradation failure of a system,
and by estimating the probability of system’s failure,
it is possible to obtain optimal designs to minimize
the long run average cost of a system.

This issue applies to both two-state systems, where
dependencies of component failures are observed,
and multistate systems, where dependencies of
departures from the reliability state subsets are
considered [1], [2]. This paper focuses on second of
these cases. In reliability analysis of multistate
systems with  dependent components, after
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decreasing the reliability state by one of components,
inside interactions among remaining components
may cause further components reliability states
decrease. A multistate approach [10], [19]-[21] to the
reliability analysis of systems with dependent
components assuming equal load sharing model has
been presented in [3], [4]. Here, we consider local
load sharing model of dependency for systems
composed of degrading components, which allows to
distinguish  system’s inside reliability states
interactions.

2. Local load sharing model of components
dependency

We suppose as in [10] and [11] that all components
and a system under consideration have the reliability
state set {0,1,...,z}, z=1, where the state O is the
worst and the state z is the best. The state of a system
and components degrades with time without repair.
Further, we consider a multistate series system,
defined in [10] and [11], composed of n ageing and
independent components with the reliability
functions of its components

Ri(t1') =

[Ri(t,0),Ri(t,1),...,Ri(t,2)],t = 0,i=1,2,...,n, @
where

R (t,u)=P(T,(u)>t), i=1,....n, (2

and Ti(u), i = 1,2,..,n, are independent random
variables representing lifetimes of components E; in
the reliability state subset {u,u+1,....z}, u = 0,1,...,2.
Similarly, as in [10] and [11], we define the
multistate reliability function of a system as a vector

R(t,) =[R(t,0), R(t.D),..., R(t, 2)], t >0, 3)

where its coordinates
R(t,u)=P(T(u)>t), u=0,1,..z,

and T(u) is a random variable representing the
lifetime of a system in the reliability state subset
{u,u+l,...,z}, u = 0/1,..,z. Under this definition
R(t,0) =1for t > 0 and further we will use 1 instead
of R(t,0).

Taking into account the dependence of components,
we assume that after changing the reliability state
subset by one of system components to the worse
reliability state subset, lifetimes of remaining system
components in the reliability state subsets decrease
mostly for neighbour components in first line, then
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less for neighbour components in second line and so
on. Further, we call this rule of components
dependency a local load sharing (LLS) rule. More
exactly, in this rule if the system component E;,
j = 1,....n, gets out of the reliability state subset
{u,u+1,...,2}, u = 1,2,....,z, the reliability parameters
of remaining system components are changing
dependently of the distance from the component that
has got out of the reliability state subset
{u,u+l,....z}, u=1,2,...,z, expressed by index d. The
meaning of d is illustrated in Figure 1.

S Ry O X e T R RO oo B

Figure 1. The meaning of the distance d

We denote by E[T;(u)] and E[Ty;(u)], i = 1,2,...,n,
j=1,2,...,n,u=1.2,...,. the mean values of system
components lifetimes Ti(u) and Ti;(u), respectively,
before and after departure of one fixed component E;,
j = 1,..,n, from the reliability state subset
{u,u+l1,...,z2}, u = 1,2,...,z. With this notation, in
considered local load sharing rule, the components
lifetimes and the mean values of components
lifetimes in the reliability state subset {v,0+1,...,2},
v=u,u-1,...,1, u=1.2,...,z, are decreasing according
to the following formula:

E[T;,; (W]=a(v,dy) - E[T; (v)], 4)
i=1,...nj=1,..,n, v=uu-1...1
where q(v,d;), 0<q(v,dy)<L, i = 1,...n,

j = 1,...n and q(»,0) = 1, for o = uu-1,...,1,
u = 1,2,...,z-1, are non-increasing coefficients of
components’ dy =li-j from the
component that has got out of the reliability state
subset {u,u+1,....z},u=1.2,...,2.

We denote by

distance

Ri/j(t,l))z P(Ti/j(l))>t), | = 1,...,n,j = 1,...,n, (5)

forv =u,u-1,...,1, u=1,2,...,z-1, the coordinates of
the reliability function

Ri/j(t)=[LR;/; (tD,....R;,; (t,u)], (6)
of a system component E;, i = 1,...,n, after departure
of the jth component E; j = 1,...,n, from the
reliability state subset {u,u+1,...,z},u=1,2,....z.
The system reliability function after its departure
from the reliability state subset {u+1,u+2, ...,z},
u=1,2,...,z, we denote by
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R(t,) =[L R(t),...,R(t,2)], t >0, 7)

where R(t,u), u=12,...,z—1, are the coordinate
reliability functions of the system with components
having changed their reliability functions according
to the local sharing rule expressed in (5)-(6) and
R(t,z) = R(t,z), where R(t,z) is the zth coordinate
reliability function of the system before the
component departure defined by (3).

3. Reliability of multistate series system with
dependent components

In [5] the below formulated theorem, concerned with
reliability of a series system with dependent
components, is proofed.
Proposition 1. If in a multistate series system
components are dependent according to the local
load sharing rule and have reliability functions given
by (1)-(2), then its reliability function is given by the
vector

Rist)=MLRstD,....R st 2)].t=0, (8)

with the coordinates

Ris(tu) ZE{Ri (t,u +1)'_12Ri (t,u)

+-t[i[fj(a’u+1)'lﬂ[Ri(a!u+1)'lﬂ[Ri/j(t—a,U)
01 i=L =1
i#]

TIR (& u)lda, u=12,...,z-1, 9)
Ry (t,2) ZﬁRi (t,2), (10)

where:

R; (t,u +1) — the reliability function coordinate of a
component E;, i = 1,...,n, i.e. the probability that its
lifetime in the reliability state subset {u+1,...,z2}, u =
1,2,...,z-1, is greater than t,

R, (t,u) — the reliability function coordinate of a
component E;, i = 1,...,n, i.e. the probability that its
lifetime in the reliability state subset {u,u+1,...,2}, u
=1,2,...,Z, is greater than t,

f;(t,u+1)— the density function coordinate of a
component E;, j = 1,...,n, lifetime in the reliability
state subset {u+1,...,z},u=1,2,...,z-1,

R ,j(t,u)— the reliability function coordinate of a
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component E;, i = 1,...,n, i.e. the probability that its
lifetime in the reliability state subset {u,u+1,...,z}, u
=1,2,...,z-1, after departure from the reliability state
subset {u+1,...,z}, u=1,2,...,z-1, by the component
Ej, j=1,...,n, is greater than t.

We can notice that, if the non-increasing coefficients
q(u,dy), 1T = L..,n j=1..n u= 12,721,

of distance d; =|i—j| between component E;

i =1,...,n, and component E;, j = 1,...,n, that has got
out of the reliability state subset {u+l,...,z},
u=1,.2,..z1, is equal to 1, then the considered
system becomes a series system with independent
components. We can notice that if this condition

holds,  then Ri/j(t,u)=R;(t,u), i=1,..n,

j=1,..n ie R(@tu)=R(tu), u=12,...z-1, and
the formula (9) takes form of the reliability function
coordinate of the multistate series system with
independent components foru=1,2,...,z-1.

More exactly, we obtain

Rus (L) =TTR LU+ TR (10)

SIf,(au+1)-TIR;(a,u+1)-TIR; (t-a,u)
j i=1 i=1

=1

+

O —

i#]

TR (a,u)lda = [TR, (t,u+1)- TR, (t,u)
i=1 i=1 i=1

+I30F, @u+D) - TR (@u+1) TR (t,u)]da
i=1 i=1

0j=1 i=1
1#]

IR U +D) + [ S[F, @ u + DR, (@,u +1)]da]
i=1 0j=1 i=1
i#]

TIR(tU), u=12,...,z 1. (11)
i=1

If one of n ageing system components E;, j = 1,...,n,
gets out of the reliability state subset {u+1,...,z}, u =
1,2,...,z-1, in a time interval <a,a+da) with the

probability f; (a,u +1)da, assuming that remaining
system components E;, i = 1,...,n, i # j, have not left
the reliability state subset {u+1,...,2}, u=1,2,...,z-1,
during time a with the probability R;(a,u+1), from
the definition of a multistate series system given in

[10] and [11], the whole system gets out of this
reliability state subset. Then, from following formula
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SIf,(au+D)-TIR @ u+D]=f(au+1), (12)
j=1 i=1

i#]

for 0O<a<t,u=12,...,z-1, where f(a,u+l) is the
density function of a system lifetime in the reliability
state subset {u+l,...,zZ}, u 1,2,...,z-1 and
considering formula for the reliability function
coordinate R(t,u+1) of a multistate series system

given by

MRGU+D =REU+D), u=12,..,2-1  (13)
i=1
we get

Rus (tU) =[R(t,U+1)+ [ F(a,u+1)da]- TTR, (tu)
0 i=1
—[R(t,u+1) + F(t,u+D]- TR, ¢ u)
i=1

“[TR (t,U), u=12,..., 1. (14)
i=1

Taking into account the result (14) and the formula
(10), in case q(u,d;)=1 i = L,...n, j = L...n,
u = 1.2,...,z-1, we get Ry (tu)=R(t,u),
u=1,2,...,zand we conclude that formulae (8)-(10)

present the reliability function of a multistate series
system with independent components.

Further, we assume that components E;, i = 1,...,n,
have exponential reliability functions

R (t) =[L R (tD),...,R (t,2)], t=0, (15)
with the coordinates

R; (t,u) =exp[-4 (u)t], u=12,...,z, (16)

where Ai(u), Ai(u) > 0, i = 1,...,n, are components
intensities of departure from the reliability state
subset {u,u+1,...,z}, u = 1,2,...,z. Then according to
the well known relationship between the lifetime
mean value in this reliability state subset and the
intensity of departure from this reliability state subset
of the form

E[T, (u)]:i, u=12,...,z,

4; (u) an

we get the formula for the intensities Ai;(v),
i=1,.,nj=1,...,n 0=uu-l,...,1, of components
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departure from this reliability state subset after

departure of the jth component E;, j = 1,...,n.
Namely, from formula (4), we obtain
4 (v)
A (0)=— ,o=u,u-1,....1 (18)
T q(o.dy)

where 0<q(v,d;)<1 i = 1,...n, j = 1,...,n, and

g(»,0) =1, foro=uu-1,...,1,u=1,2,...,z-1, are non-
increasing coefficients of components’ distance
dj =|i - j| from the component that has got out of the

reliability state subset {u,u+1,...,z},u=1,2,...,2.

In case system components have exponential
reliability functions from Proposition 1 we can
obtain the following conclusion in a form of
Proposition 2.

Proposition 2. If in a multistate series system
components are dependent according to the local
load sharing rule and have exponential reliability
functions given by (15)-(16), then its reliability
function is given by the vector

Rus)=[L R, stD,....,R, s(t,2)], 1 =0, (19)
with the coordinates

Rus (tU) = exp[—[glﬂi (u+D+ z AWl
N Zn: _ (u) lj (U +1)

i=1a i B n . B n .

Sq(u,d;) ZAW=2 AU+
: [exp[—[g AU+l + z A
0 Ai(u) _

_EXp[_Elq(u,dij)t]]' u=12,...,z-1, (20)
Rus (t,2) = exp[—gﬂi (@21 (21)

Corollary 1. If in a multistate series system
components are dependent according to the local
load sharing rule and have exponential reliability
functions given by (15)-(16), then its mean lifetime
in the reliability state subset {u,u+l,...,z},
u=1,2,...,z is given by

1
His (U) = . .

2 AU+ + >4 (u)
i-1 i-1
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n /1-(u +1)
XA
j=1d .
> - /1 u+1 2/1 u
i= q( du) i=1 ( ) ( )
1 1
[ n n - nA (U) ] (22)
YAU+D+X A4 U) Y-
i=1 i= i=1q(u,dy)
foru=12,...,z-1,
1
Hys(2) =— (23)
Zl (Z)
and the standard deviation of the system sojourn time
in the reliability state subset {u,u+l,...,z},
u=1,2,...,z, is given by
ous ()= \/nLLS (u) = [ees 1%, (24)
for u=12,...,z-1, where
2
nys(U)=
[2,1 (u +1)+Z/1 W)?
n : 1
128 — A;(U+1)
J=1 i
Zl u+1 2/1 u
i= q(u d;) 2 )= W
1 1
5 ; o ol @
[ZAU+D+2 4 w]? [Z 12
i=1 i=1 i=1g(u, IJ)
for u=12,...,z—-1 and
1
o (2)=— (26)
2/1 (Z)

4. Conclusion

In this paper, a model considering the influence of
systems’ inside-dependences on their reliability is
presented. In reliability analysis of multistate ageing
systems, it seems natural to assume that changes
of reliability states of system components may
influence remaining system components and cause
their reliability characteristics worsening. In such
systems the increased load caused by system
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component’s failure i.e. changing the reliability state
subset by component to the worse reliability state
subset, may cause the decrease of lifetimes in this

reliability state subset of remaining system
components.

We have introduced a model of load sharing for
multistate  series  systems  with  dependent

components. The reliability function of a multistate
series system under assumption that its components
are dependent according to the local load sharing rule
is determined and basic reliability characteristics are
given in case system components have exponential
reliability functions. The extension of these results to
other complex systems is in preparation.
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