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Abstract

The paper deals with non-renewal multistate mor@gystems consisting of multistate components wduieh
modeled by the semi-Markov processes. In the ceaaon-renewal system the multistate reliabilupdtions
of the system components and the whole systemiscessed. All presented concepts and models are
illustrated by simple numerical examples.

1. Introduction (z,) is the best.

We can find many papers which are devoted to the M€ function

reliability of multistate monotone systems [1]-[15]

The basic concepts deal with MMS are presented ¥ S%-XS, - S

in [1], [4], [5], [6], [13]. Some results of

investigation of the multistate monotone systemis called the system structure function.

(MMS) with components modelled by the If the system structure function is non-decreasimng
independent semi-Markov processes are presented gach argument and

this paper. We assume that the states of the system

components are modelled by the independent semi- ¢(0,...0) =0, ¢(z,...,z,) =z

Markov processes. Some characteristics of a semi-

Markov process are used as reliability charactesist then it is said to benonotone. Formally a multistate
of the system components. The binary representatioBystem is represented by a sequence of symbols
of the multistate monotone systems allows to useic s s ,...,S ). If the system structure function is
traditional reliability me'tothod for analysis of NEM monotone the system is callechultistate monotone
The_concept of a m|n|m_a| pa'_[h vector to 'e"GF system(MMS). We assume that the considered in
crucial to these considerations. The muIUstatethiS chapter systems are MMS. The state of a

reliability functions of the system components andcomponemk at fixed instant may be described by

the whole system are discussed in th(_e paper. Th e random variableX, (t }aking its value inS,

presented concepts and models are illustrated b¥h d ) k '
e random vector

some numerical examples.

2. Structure of the system X(t) = (X, (1),.... X, (1))

Consider a system consisting @tomponents with o yrasents the states of all system components at

the index set Cz{]j'"’”}" We  suppose that iy eq momentt. The state of the system at the fixed
S, ={0%...,z }, kKOC is the set of the states of the instant t is completely defined by the states of

componentk and S={01,...,s}. is the set of the components through the system structure funation

system states. All the states are ordered. Statée o
system (a compone) denote successive levels of  Y(t) =¢/(X(1)). (1)
the object technical condition from the perfect

functioning levelz (z,) to the complete failure level If the parametert runs the interval [0, Xl
0. Therefore the state 0 is the worst and the gtat mentioned above random variables become random
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processes. Therefofgr'(t):t[0[0,0 )$ a stochastic The function
process with the state spacg={01...,.z The ) )
process determines a reliability state of the syste O (1) = P(T? <t\ X (0) =i, iD A (®)

3. Reliability of non-renewal MMS represents the cumulative distribution function

(CDF) of the first passage time from the state
We suppose that the reliability states of system
HPp oty 4 iOA{) to the subset Ay for the process

components are described by the independent sem 0
Markov processes {X,@®):t=0}, kOC . {X,(t):t=0} If X(0)=s, then the random variable

Unfortunately the random procesfY(t):t= 0}, T\’represents thelevel lifetime of the component

Y(t) =¢(X,(1),...,X, (1)) taking its values from the k. A corresponding reliability function is
set S={01...,z} which describes the system

— k
reliability state at timetO[0, ) not a semi- R =1- @5, (t). (6)
Markov process. We have at least two ways to o
analyse the reliability of the multistate systerheT  The Laplace-Stieltjies transforms of the CDF's
first one is based on the extension of the processb{(t),iDA{) satisfy the integral system of
{Y():t=0},to a semi-Markov process by equations [5], [6].
construction the superposition of independent
Markov renewal processes associated with the semi- () (s) = > q, MOREIORT I CN )
Markov processeq X, (t):t=0}, kOC [11], [12]. ioafl) JOA, (0)
This way needs more advanced mathematical oAy,
concepts which go beyond the scope of this paper. =
The second way consists in calculating the relighbil
characteristics of the multistate system basedhen t
characteristics of its independent componentshib t
paper we apply the second way. 0 (s) = j eldo ) (1), (8)
We suppose that the semi-Markov process
representing the reliability state of the componient

where

is determined by by a following kernel G (s) = {e‘s‘dQ"Fk’ ), 9)
QW (t
® The Laplace transform
“©iy 0 0 0] k )
(k) (t) 0 0 0 Rz(k[)l] ()= Ie_St Rik[)l] ®, (10)
B ‘k’ D) Q) 0 0
- (k) 0 (t) (k) ® QY (t) 0 ) of thek-th component reliability function to levels
* % 0 given by the formula
() (t) ) (t) QM (1) 0 ® (
70 zl Z) 2K i ~ u
1 (5 = =P (11)
Let
On the other hand
T =inf{t: X, (1) DAY} 3
n RS:[)H t)= P(Tk[l] >t\X(0)=z)
where
=P(Oul[ot ] (12)
() = -
Ay ={0...1 -1} )@ X, (WOA\XO) =z
and As components of the system are unrepairable then
o G — we have
Al =S-Ay =
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Rig, (1) = P(OuD[0,t]

X (WOAF\X () =2,)

= P(X, () OAT\X(0) = z,). (23)
Finally we get
‘E&] O =2P(XO\XO0)=2)
27 Py (©). (14)

Applying the equations (14.02) from [ 5] we obtain
linear system of equations for the Laplace tramssor
of the reliability functions to level for the system
components:

~ 1 =~
1(9=2-600)

+zJDA(k> G (9RY(s), DAL,  (15)
where
G (g) = Te-stei(” ()dt,
R (s) = Ie_St R{l} (D)dt, (16)

are the Laplace transforms of the functig®¥' (t )

and R (t )t=0. Passing to the matrix notation we

get
(I =g (SNREY () =Gy (). 17
The function

Wty =P’ >t) =P(X, () DAY (18)

means the reliability function to level of a k-th
system component.
The vector function

R® () =[Ry) (1), Ry’ (1),.... R ()] (19)
is said to be the multistate reliability functiohthe

k-th component of the system. Let us notice that

AV=s OAYDO.OAY .

[0] [1] [sk] *

From the well known property of probability we
have
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1=P(X, (t)OS,) =2P(X,(t) DA‘[‘lk]’
2...P(Xk(t)DA‘[‘2] .
It means that

1=RY ()2 RY (1) 2.2 RY, ().

The equation (6) enables to calculate the Laplace
transform of the multistates reliability functiohthe
k-th component.

RY(8) 2[R (9), R (9),RY,, ()] (20)

Its inverse Laplace transform is equal to the vegto
functions.

4. Binary representation of MM S

A vector y=(Y,,Y,,....,Y,) 0§ x...xS, is called a

path vector to level (of level) of the multi-state
monotone system i (y) =1

The path vectoy is said to be aminimal path vector
to levell if in addition the inequalityx <yimplies

Y(y) <l.The inequalityx < ymeans thatx <y, for

i=12,...,n and x, <y, for somei. We denote the set

of all minimal path vectors to level by U,
=1...,z(z,)andU,, = {0}, where{0} = (00...., 0)

In reliability analysis of the multistate monotone

systems we may use their binary representatiors Thi

approach was presented among other in papers of

Block and Savits [3] and Korczak [13]. We define

the binary random variables

{X,@®):t=0}, kKOC,rds,:

{1forxk ty=r
X ()= (21)

- Ofor X, (t) <r.

We determine the system level indicators
¢,,j0{,...2:

Lforg(X (1) 2 j

: (22)
O forg(X(@®)<j.

wj(x(t))={

We will use symbols introduced by Barlow and
Proshan [2] which denote the binary operations:

[ %, =1~ |_|F=1 (@- %)%, 0{01}

%1%, =1= Q1= %)= X, ), X, %, {01},
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From (21), (22) and definition of the minimal path ¢, (x) = 7,0, Meoc.yis0 Xy (24)
vectors we obtain a following binary representation —1- a- X )
of the stochastic process describing evolutionhef t [Myou, e o X )-

multistate monotone system
Applying this equality we have

¢’| (X(t)) = |_|yDU| HkDC,yk>0
Y1(X) = Xia Xy T Xy Xy = X3 Xy
Xkyk t)y=1- [Ty, - [Tkac,yeso Xkyk ). (23) X1 Xa1 ¥ Xp1Xgy = Xy X Xgp - (25)

Consider a three components multistate systeni @ Similar way, using an equality

(C,S,S.,S,,S,.)where  C= {123}, S={012},

X o = X 26
S, ={012}, S, ={012}, S,={01}and the system kr Xip = Kcmaxir, p} X
structure function is determined by the formulae: ~ "® get
W(x)=0 for x=(x,,X,,%,) 0D,, W, (X) = X, X0, Xy F X XopXay = XipXop X, -

Y(x)=1for x=(x,X,,X%;)00D,,

5. Rdiability of unrepairable system
Y(x)=2for x=(x,X,,%,)0D,, y P ¥

We suppose that the semi-Markov processes
X (@):t=20},...,{ X, (t):t =0} are independent. A
stochastic procedsr(t):t= 0},

where

D, ={( 000), (001, (010), (100), (110),
(200), (2.20), (020), (L20), (021}, Y(t) = (X)) =¢ (X, (1),.... X, (1)) (27)
D, ={( 10D, (011, (1Y), (201), (021)},

taking its values in a state spac={0L...,z
D, ={( 21, (.21), (221)}. g pac@={01, }

describes a reliability state fard[0,c0 It).is not a

First we have to determine the 4#t of all minimal ~ SeMi-Markov  process. LetAy, ={l,I +1....z gnd

hth vectors to the levélfor | =12. We take under A, =S—A;={0L...,] -1} . A random variable
consideration the seb,. The vectory= (10))is a

minimal path vectors to level 1, because accorthng Ty, =inf{t:S((t)T A, } (28)
definition ¢(y)=1=1and there exists a vector

x= (00D such that x<yand ¢(x)=0< 1. The denotes the time to failure to level (of levedf the
vector y= (021) is not a minimal path vectors to system. A reliability function to levélof the system

level 1, becausg/(y) = Hhd forx= (01D)we have 's determined by the rule

X<y angl Q(x) =1 Also the vectory= (20))is R, (t) = P(T,, >t). (29)
not a minimal path vectors to level, because

¢(y)=1z1 and for x= (101) is x<y and  \ye haye at least two ways of calculating it. Tingt f
Y(x) =1 one consists in applying distributions of the
Analysing all vectors fromD, we get a set of the processes which describe the reliability evolutan

minimal path vectors of the levdl= wvhich is the system components. Thie level reliability
function of the system may be computed according

denoted adJ, : to the rule

U, ={( 100, (011)}. Ri (1) = 2 oy, P (1), (30)
In the similar manner we gét,: where

U, ={( 21D, @21)}. P.(t)=P(S(t) = j) =P(X(t)OD,)
From (23) we have = 20,2000 lel ®..P, (1. D, = (D
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The second way leads through the computation of théorm
components of reliability functions to level

Applying (24) we have o0 :[ {3; 0 O}
Rﬂ] (t) = E{[‘/j| (X(t ))] 10 (t) _(i
=1~ My @~ Mice.yeoo ELX g O] (31) { 1-e _ o} | -
1-@+At)e™ 0

The vector function
wheret=0,k>0,4A> 0.

R(t) = [1 Ry (t),....R (V)] (32) Now we illustrate the second way of calculation of
the system multistate reliability function.
is called the multistate reliability function ofeth The second method of computing the system
system. The vector mulistate reliability function needs to calculatest
reliability functions of its components to level
m=[Lmy,..m, ], (33) Applying (25) we have

Ry (1) = B, (X(0))] = E[ X, () X5, (1)]

My =l Ry .1 =12 BN B (0 X )] - EL X (X X O], (37)

is said to be the multistate mean time to failuréhe

system. Hence, using the independence of the processes

discussed here we get the reliability function rod t
6. Numerical illustrative example system to level 1:
To e>§plain and iIIustr_ate presgntgd above concepts Ry (t)=R[§1]) (t)R[(ﬁ) (t) + (1? (t)R[(ﬁ) (t)
we will construct a simple reliability model of the

- R® @ @)
multistate system with the semi-Markov components. Ry (DRy (ORy' () (38)
We assume that the multistate reliability system .
consists of three components reliability evolutafn I the same way, according to (26) we have
which are modelled by independent semi-Markov
processes  {X,(t):t= O}, {X,(t):t=20}, R (1) =R (DR (ORY (1) + Ry (RS (R
{X,(t):t=0}, the state spacesS =S,= {012}, -ROIMRI ORI (t) (39)
S, ={01}. We assume that the kernels of the
processes 1 and 2 are the same: The reliability functions of the component to level
| =12 we evaluate applaying (17).
& (1) 0 O In this caseS, = {012}k =12. Hence
Q¥M)=|Qy’® 0 0} (35)
o () QM) 0 An ={0}, Ay =112},
Ay ={01} A, ={2}.
where
For | =1 the matrices from equations (17) take the
() =1-e*, form
o () =1- @1+ A)e”, . 1 0
() =a[l- (L+ At)e ], =0, ) =[— a5 (s) J’ o)
5 () =b[1- 1+ At)e™],
t=20,a>0,b>0,6>0,y>0, -
IB 4 (K) _ 1 1- Ch(g) (S)
e GA'm(S)__ (k) S0 (Q) | (41)
Suppose that the initial distributions are S[1-0y (8) — 0y’ (S)

P(X®(0)=2)=1k=12 The elemenRY¥ (s 9f the solution of (15) is

Assume that a kernel of the last process is of the
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D (k)

1- Gz (9) ~ G’ (9 (9)
[ -

<

()=

(42)

For | = 2 the matrices from equations (17) take the

form

G“(9=§u—a$w$—a§%91

Al
The solution of (15) is

- 1-g® (g) —g® (g
RZ([IE)Z] (S) - q20 ( i q21 ( ) ,
The Laplace-Stielties transforms of elements from
(42) and (43) are

(43)

a0 B s
qu (S) - (S+ﬂ)2 1 q20 (S) (S+y)2
s DY

q21 (S) - (S+ y)z

fork =12. For parameters

a =01 B=002y=00]a= 02,
b=087 =001« = 0.1.

The rules (41) and (42) are

0.0000832+ 0.0048& + 012s’ +s°

0 (k)

S) = )
o (9 002+ 5)? (004 + s)?
~ 08+s
) (8) =———— for k=12.
@ (9 (004+s)® -

We get the reliability functions of the systeml[l] Aven, T.
components as the inverse Laplace transforms of

[2]

these functions. Thus we obtain

(9 (t) = 4267 — 3267 004e
+0.064e" 2t
() (t) = 004~ 004t (25+1) for k =12

For k = 3we have

D) =1-QY(t) = L+ At)e™

Using equalities (37) and (38) we obtain elemefits 6]

the multistate reliability function of the system:
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[3]

[4]

[5]

Ry () =2e7®" (1+ 001t)(4.2e™"
- 327 % + 004te " +0.064e°* )
— e (1+ 001t)(42e™°% — 3267
+ 004te ®* + 0.064e°*)? ,

R, (t) =—0.0016=""" (1+ 001)(25+1t)* +
+ 008" (1+ 001t)(25+t)(4.2e™*"
- 32e % + 004te " +0.064e°* ).

The multistate reliability function can be writtas a
vector function

R(t) = [1 Ry (1), R (O]

Conclusions

In many real-life situations the binary models seem
to be not sufficient for describing reliability dofie
system, because in addition to "down" state (0) and
"up" state (1) the system may be capable on diftere
levels from perfect functioning to complete failure
Then the multistate models are more adequate. The
decomposition method of the multitate unrepairable
system to binary systems allows to apply well known
methods of classical reliability theory in multigar
cases. Semi-Markov processes are very useful as
reliability models of the multistate system
components. The semi-Markov process theory
provides some concepts and theorems which enable
to construct the appropriate probability modelshef
multistate reliability system. Unfortunately allette
models are constructed under the assumption of
independence of processes describing the reliabilit
of the system components.
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