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1. Introduction 
 

Papers published over recent fifty years which 
contribute to maintenance theory cover the full range 
of potential models for maintenance management 
problems. Especially, the maintenance issues for 
one-component system have been much discussed in 
the literature (see e.g. [20], [37], [41]).Of particular 
interest is, of course, time between inspections 
optimization problem. Moreover, the one-component 
unit is an important case for study, since it is the 
building block for the main cases of practical interest 
which entail systems of components [9]. 
Taking one step further, usually in the real-life 
systems, their components do not fail suddenly. 
Thus, before a component breaks down, there will be 
some sings of reduced performance or abnormalities. 
The time between the first identification of 
abnormalities (called initial point - u) and the actual 
failure time (failure point) will vary depending on the 
deterioration rate of the component. This time period 
is called a delay time h to carry out maintenance or 
an inspection [34], and the modelling concept is 
called a Delay-time modelling approach. During the 
period of h there is an opportunity to identify and 
prevent failure (Figure 1). This concept, which 
provide useful means of modelling the effect of 
periodic inspections on the failure rate of repairable 

technical systems, was developed by Christer et al., 
see e.g. [9], [10], [13]-[15],[18], [38].  
 

 
 
Figure 1. Time delay modelling concept [30] 
 
Following this, the focus of this study is to develop a 
mathematical model for maintenance of single-
element technical system with time delay.  
The inspection models for new elements are known 
in the literature. However, when assuming that the 
working element is not defected at the point of 
inspection maintenance time, the optimization model 
for time between next inspections performance is not 
investigated. 
Thus, in the next Section, there is discussed the 
literature overview in the area of delay time 
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modelling for one-component systems. Later, there is 
presented the investigated maintenance model. In the 
next Section, authors provide the sensitivity analysis 
of the investigated model. The work ends up with 
summary and directions for further research. 
In conclusion, this article is to be the starting point of 
consideration about mathematical modelling of 
technical objects with time delay maintenance. 
Moreover, it is also a continuation of the 
considerations about future research, connected with 
delay time modelling for complex and multi-unit 
systems in given reliability structure, given in [24] -
[27], [43]. In work [25] authors investigate the 
effectiveness of a system when defined maintenance 
strategy is one of two kinds. First, the typical group 
maintenance policy is considered. Second one 
regards to delay time model. Authors assume that the 
system is a three-component with a k-out-of-n 
reliability structure. To make a comparison, the basic 
assumptions are defined to be the same for both the 
investigated models. Next, in [26] authors focus on 
investigation of Block-Inspection Policy 
performance level with economical and availability 
point of view. Later, in [27] authors analyse the 
problem connected with model parameters 
estimation process and its influence on Block 
Inspection Policy results. The imperfect inspection 
problem for the defined technical system is 
investigated in [24].  
In the last work [43] author investigates the 
possibilities of basic DT model implementation in 
the area of logistic system of sixteen forklifts 
performance analysis. 
 
2. Delay-time models for single-unit systems – 
literature review 
 

A literature review, in which delay-time models are 
investigated along with other PM models are given in 
[19], [21], [22], [29], [33], [36], [37].The state of art 
works, dedicated strictly to DT modelling are given 
in [1], [3], [6] - [8], [11], [12], [28], [30], [35], [38]. 
One of the first works dedicated to delay time 
modelling of single-component system is [13]. 
Authors in this work investigate a model of 
equipment-replacement decision process based upon 
a survey of companies, designed to investigate how 
replacement decisions are made in practice. Later, in 
[4], there is analysed the repairable machine that may 
fail or suffer breakdown many times during the 
course of its service lifetime, and is inspected for 
visible faults at intervals. The authors mostly focus 
on the problem of model parameter estimation with 
the use of maximum likelihood method and Akaike 
information criterion, providing also a model for 
imperfect inspections performance. 

Delay time models of single-unit systems reliability 
are developed in [2], [5], [9], [23], and [45]. In [9], 
author presents simple reliability model of a single 
component subject to one type of inspect able defect, 
when inspections are assumed to be perfect. This 
problem is later investigated in [5], where author 
simplifies the developed model and provides some 
numerical examples. The same model, when delay 
time and time to failure densities are exponentially 
distributed, is provided in [2]. Later, in [23], authors 
develop a delay time model with periodic testing 
process. Authors analyse different variants of the 
models, like no inspection actions performance 
during maintenance processes, or zero delay times 
occurrence. In the next work, [45], authors 
investigate the model to evaluate the reliability and 
optimise the inspection schedule for a multi-defect 
component. There is also considered the situation of 
non-constant inspection intervals. 
Inspection models for single-component system 
under condition based maintenance are presented in 
[16], and [31]-[32]. In [16], authors analyse an 
inspection modelling problem for a production plant 
under condition monitoring. Later, in works [31]-
[32], authors develop a method for determining the 
discrete time points of inspection for a deteriorating 
single-unit system under condition-based 
maintenance. The delay-time model is here utilized 
to describe the transition of the system’s states. 
Moreover, two types of probabilities with respect to 
inspections are considered – a failed-dangerous 
probability of type I error, and a failed-safe 
probability of type II error.  
Moreover, there can be found some models dedicated 
to single-component systems’ risk analysis of 
maintenance activities performance (see e.g. [40]), 
semi-Markov processes implementation (see e.g. 
[17]), or safety inspection processes optimization 
(see e.g. [42]). The example of delay time model for 
a single unit case is given in [44], where authors 
propose a method to find cost-optimized 
maintenance of an elevator.  
 
3. Delay-time model for single-unit systems  
 

In this Section, there is considered a basic delay-time 
model for single-unit systems in the comparison to 
the new approach.  
In accordance with the literature concept of the delay 
time, known models assume that an inspected 
element is newly replaced at the beginning of the 
inspection period, e.g. the previous inspection 
exposed a defect of the element and caused a 
maintenance action. However, the optimization of a 
constant time between inspections seems to be 
impossible without considering the element 
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operation process performance longer than its first 
cycle. That is why the expected maintenance cost of 
an element should be developed to the form that 
includes long term costs in the series form. 
 
3.1. Basic delay-time maintenance model 
 

Assuming, that p.d.f and c.d.f. of the initiation time, 
u are given as g(u) and G(u), respectively. Likewise, 
the delay time, h, has p.d.f and c.d.f. fh(h) and Fh(h), 
respectively, independent of u. There is a possibility 
to define the c.d.f. of time to failure, F(x), as the 
convolution of u and h such that u +h ≤x [35] 
(Figure 1): 
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And the reliability, )(1)( xFxR −= . 
Taking into account the following additional 
assumptions and notation [35], [39]: 
• the system is a three state system where, over its 

service life, it can be either operating or down for 
necessary repair or planned maintenance, 

• the system is renewed at either a failure repair or 
at  a repair done at an inspection if a defect is 
identified, 

• after either a failure renewal or inspection 
renewal the inspection process restarts, 

• maintenance actions restores maintained 
components to as good as new condition, 

• failures of the system are identified immediately 
and repairs or replacements are made as soon as 
possible, 

• perfect inspections case, i.e. every defect is 
assumed to be identified during inspection action 
performance, 

• system incurs costs of: failure replacement cf, 
planned defect replacement cr, and inspection 
performance ci, 

• failure replacement, inspection replacement and 
inspection replacement require df, dr and di time 
units respectively,  

 
the expected cost over each cycle, C(T), may be 
defined by the following equation [35]: 
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Thus, 
 
   irirf cTGcTFcccTC ++−−= )()()()(     (3) 

 
The expected downtime Ed(T) of an inspection cycle 
of length T is given as [8]:  
 
   irirfd dTGdTFdddTE ++−−= )()()()(   (4) 

 
Assuming instantaneous inspection and replacement 
times, the expected cycle length, TM(T), is given by 
[8], [35]: 
 

   )()(')( 0 TTRdxxxFTT T

xM +∫= =     (5) 

 
The examples of such the model implementation are 
given e.g. in [35], [39].  
 
3.2. Extended delay-time maintenance model 

The cost and availability models presented in the 
previous Section (Eq. (2)-(5)) describes the first 
inspection cycle results, i.e. when a new element is 
run to work at the beginning of the cycle. On this 
base, one can choose the length of the cycle T, and 
thus – the moment of the first inspection, which 
yields the minimum expected costs per the cycle. 
However, if an element does not expose any 
symptoms of a defect while is inspected first time, 
the next problem arises: when should it be tested 
again? The presented models do not lay any 
foundation to define the best further maintenance 
cycles length. One of approaches which may be used 
in this case is to define the length of the first 
inspection cycle individually and then, dependently 
on inspection results, to plan moments of inspection 
action performance in the future. The next inspection 
cycles lengths may vary when the decision about the 
nearest cycle is taken during an inspection. 
Independently on a taken strategy of a period 
between inspections determination, the cost model 
should be developed to the form, which includes 
information about inspection effects: 
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where: 
C(ti-1, ti) - the expected maintenance costs in the 
period between i-1-th and i-th moments of 
inspection. 
 
The equation (6) presents the expected cost of 
failure, inspection and planned defect replacements 
calculated on the base of the conditional probability 
that the defect is not discovered during inspection at 
the beginning of a cycle. The long term expected 
costs may be expressed in the form of  the series: 
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where: 
C(T1) - expected cost over the first inspection cycle, 
calculated in (2) 
Ti – the length of the i-th inspection cycle. 
 
The consideration of the lowest-cost inspection cycle 
cannot be done without determining the expected 
length of element lifetime. If we assume that an 
element may operate longer than to the first 
inspection, the expected value may be expressed as 
follows: 
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where: 
TM(T1) – the expected length of the first inspection 
cycle, given in equation (5) 
TM(Ti) – the expected length of the i-th inspection 
cycle 
 
Hence, the long-term expected costs per unit time 
c(T) is given by: 
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4. Sensitivity analysis 
 

The cost model developed in the previous Section 
has been analyzed and the chosen results are 
discussed. The objective of the analysis was to find 
out whether it is reasonable to develop the model to 

the form presented in Eq. (6) - (10) or it is enough to 
find the most profitable solution for the first 
inspection cycle and to reiterate it in the future. 
Authors have assumed that if the cost per unit of 
element lifetime changes dependently on the number 
of cycle, it is rational to determine the length of an 
every inspection cycle on the base of the proposed 
cost model.  
Figures 2 - 5 present chosen effects of the carried out 
research. The cost model was tested for variables u 
and h described by Weibull probability distributions 
with different shape parameter, thus when 
“exponential distribution” is presented, the shape 
parameter of the both variable are equal to 1 and 
“Weibull distribution” means the both parameters are 
greater (α = 3,5). The scale parameters of the 
variables u and h are 65 and 35, respectively. The 
expected cost of a failure and summary cost of single 
inspection cycle are presented in the relation to the 
number of inspection cycle when the element still 
works without defects (NC symbol) and the cycle 
length (marked as CL). 
 

 
 
Figure 2. The expected cost of failure per unit time 
for Weibull distributions of times u and h. 
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Figure 3. The expected cost of failure per unit time 
for exponentially distributed times u and h. 
 

 
 

Figure 4. Cost per unit lifetime of element for 
Weibull distributions of times u and h. 
 

 
 

Figure 5. Cost per unit lifetime of element for 
exponentially distributed times u and h. 
 

The results of the research provide the arguments for 
the use of the developed cost model while 
determining the least expensive cycle length of 
inspection. While the “exponential case”, what is 
obvious, does not expose any need to carry out the 
preventive inspections, the “Weibull case” reveals 
the explicit dependency between the cost, the cycle 
length and the number of period for which inspection 

is executed. One can see that when an element is still 
operating during third and fourth inspection cycle of 
20 units of time length (Figure 3), failure costs per 
unit time increases and the cycles might be reduced 
in order to lower the expected failure cost. Similar 
dependency may be seen in Figure 4. Independently 
on the length of the single inspection cycle, first two 
periods generates low maintenance costs while in the 
neighbourhood of the expected lifetime of an 
element, the costs per unit of lifetime increase. It 
may be the effect of growing possibilities of 
preventive replacement and failure as well as the 
lower expected lifetime in a cycle. 
 
5. Conclusions 
 

The optimal time between inspections for technical 
object with time delay may be defined in the two 
ways. First, there is a possibility to define a constant 
time between inspections T with the use of basic 
delay time model. The second approach gives the 
possibility to define optimal time period T in 
accordance to the following inspection actions 
performance obtained results. Thus, the optimal time 
between inspections T will not be a constant one, 
what should provide better dependability of technical 
objects achievement.  
Following this, in the next step, authors plan to carry 
out the simulation analysis for the case of multi-
element system with delay time. This work, as well 
as [24] – [27] provide the research analysis results to 
define some rules how to choose a PM policy from 
an engineering point of view. 
 
References 

[1] Alzubaidi, H.J. (1993). Maintenance modelling of 
a major hospital complex. PhD thesis, University 
of Salford, Salford. 

[2] Attia, A.F. (1997). Estimation of the reliability 
function using the delay-time models. 
Microelectronics Reliability 37, 2, 323-327. 

[3] Baker, R.D. & Christer, A.H. (1994). Review of 
delay-time OR modelling of engineering aspects 
of maintenance. European Journal of Operational 
Research 73, 407-422. 

[4] Baker, R.D. & Wang, W. (1992). Estimating the 
delay-time distribution of faults in repairable 
machinery from failure data. IMA Journal of 
Mathematics Applied in Business & Industry 3, 
259-281. 

[5] Cerone, P. (1991). On a simplified delay time 
model of reliability of equipment subject to 
inspection monitoring. Journal of the Operational 
Research Society 42, 6, 505-511. 

[6] Cho, I.D. & Parlar, M. (1991). A survey of 
maintenance models for multi-unit systems. 



Jodejko-Pietruczuk Anna, Nowakowski Tomasz, Werbińska-Wojciechowska Sylwia 
Time between inspections optimization for technical for technical object with time resource 

 

 40 

European Journal of Operational Research 51, 1-
23. 

[7] Christer, A.H. (2002).  A Review of Delay Time 
Analysis for Modelling Plant Maintenance. in: 
Stochastic Models in Reliability and 
Maintenance, Osaki S. (ed.), Springer. 

[8] Christer, A.H. (1999). Developments in delay 
time analysis for modelling plant maintenance. 
Journal of the Operational Research Society 50, 
1120-1137. 

[9] Christer, A.H. (1987). Delay-time model of 
reliability of equipment subject to inspection 
monitoring. Journal of the Operational Research 
Society 38, 4, 329-334. 

[10] Christer, A.H. (1982). Modelling inspection 
policies for building maintenance. Journal of the 
Operational Research Society 33, 723-732. 

[11] Christer, A.H. & Redmond, D.F. (1992). Revising 
models of maintenance and inspection. 
International Journal of Production Economics 
24, 227-234. 

[12] Christer, A.H. & Redmond, D.F. (1990). A recent 
mathematical development in maintenance 
theory. IMA Journal of Mathematics Applied in 
Business and Industry 2, 97-108. 

[13] Christer, A.H. & Waller, W.M. (1987). A 
Descriptive model of capital plant replacement. 
Journal of the Operational Research Society 38, 
6, 473-477. 

[14] Christer, A.H. & Waller, W.M. (1984). Reducing 
production downtime using delay-time analysis. 
Journal of the Operational Research Society 35, 
6, 499-512. 

[15] Christer, A.H. & Waller W.M. (1984b). An 
operational research approach to planned 
maintenance: modelling P.M. for a vehicle fleet. 
Journal of the Operational Research Society 35, 
11, 967-984. 

[16] Christer, A.H. & Wang, W. (1992). A model of 
condition monitoring of a production plant. 
International Journal of Production Research 30, 
9, 2199-2211. 

[17] Christer, A.H., Wang, W., Choi, K. & Van der 
Duyn Schouten, F.A. (2001). The robustness of 
the semi-Markov and delay time single-
component inspection models to the Markov 
assumption. IMA Journal of Management 
Mathematics 12, 75-88. 

[18] Christer, A.H. & Whitelaw, J. (1983). An 
operational research approach to breakdown 
maintenance: problem recognition. Journal of the 
Operational Research Society 34, 11, 1041-1052. 

[19] Dekker, R.& Scarf, P.A. (1998). On the impact of 
optimisation models in maintenance decision 
making: the state of the art. Reliability 
Engineering and System Safety 60, 111-119. 

[20] Frostig, E. (2003). Comparison of maintenance 
policies with monotone failure rate distributions. 
Applied Stochastic Models in Business and 
Industry 19, 51-65. 

[21] Guo, R., Ascher, H. & Love, E. (2001). Towards 
practical and synthetical modelling of repairable 
systems. Economic Quality Control16, 2, 147-
182. 

[22] Guo, R., Ascher, H. & Love, E. (2000). 
Generalized models of repairable systems a 
survey via stochastic processes 
formalism.ORiON16, 2, 87-128. 

[23] Jia, X. & Christer, A.H. (2002). A periodic testing 
model for a preparedness system with a defective 
state. IMA Journal of Management Mathematics 
13, 39-49. 

[24] Jodejko-Pietruczuk, A. & Werbińska-
Wojciechowska, S. (2012). A delay-time model 
with imperfect inspections for multi-unit systems. 
Journal of KONBiN 3, 157-172. 

[25] Jodejko-Pietruczuk, A. & Werbińska-
Wojciechowska, S. (2012). Economical 
effectiveness of Delay Time approach using in 
Time-Based maintenance modelling. Proc. of 
PSAM 11 & ESREL 2012 Conference, 25-29 June 
2012, Helsinki, Finland. 

[26] Jodejko-Pietruczuk, A. & Werbińska-
Wojciechowska, S. (2012). Analysis of Block-
Inspection Policy parameters from economical 
and availability point of view. Proc. of PSAM 11 
& ESREL 2012 Conference, 25-29 June 2012, 
Helsinki, Finland. 

[27] Jodejko-Pietruczuk, A. & Werbińska-
Wojciechowska, S. (2012). Influence of delay 
time parameter estimation on Block Inspection 
Policy economical and reliability results. article 
prepared for ACME Journal. 

[28] Lee, Ch. (1999).Applications of Delay Time 
Theory to Maintenance Practice of Complex 
Plant. PhD thesis, University of Salford, Salford. 

[29] Mazzuchi, T.A., van Noortwijk, J.M. & Kallen, 
M.J. (2007). Maintenance optimization, Technical 
Report, TR-2007-9. 

[30] Nowakowski, T. & Werbińska-Wojciechowska, 
S. (2012). Developments of time dependencies 
modeling concepts, Advances in safety, reliability 
and risk management. Proc. of the European 
Safety and Reliability Conference, ESREL 2011, 
Troyes, France, 18-22 September 2011/ eds. 
Bérenguer Ch., Grall A., Guedes Soares C., 
Leiden: CRC Press/Balkema, 832-838. 

[31] Okumura, S. (1997). An Inspection Policy for 
Deteriorating Processes Using Delay-Time 
Concept. International Transactions in 
Operational Research 4, 5-6, 365-375. 



Journal of Polish Safety and Reliability Association 
Summer Safety and Reliability Seminars, Volume 4, Number1-2, 2013 

 

 41 

[32] Okumura, S., Jardine, A.K.S. & Yamashina, H. 
(1996). An inspection policy for a deteriorating 
single-unit system characterized by a delay-time 
model. International Journal of Production 
Research 34, 9, 2441-2460. 

[33] Ozekici, S. (1996). Reliability and Maintenance 
of Complex Systems. NATO ASI Series, Series F: 
Computer and Systems Sciences, Vol. 154, 
Springer. 

[34] Pillay, A., Wang, J., Wall, A.D. & Ruxton, T. 
(2001). A maintenance study of fishing vessel 
equipment using delay-time analysis. Journal of 
Quality in Maintenance Engineering 7, 2, 118-
127. 

[35] Redmond, D.F. (1997). Delay Time Analysis in 
Maintenance. PhD thesis, University of Salford, 
Salford. 

[36] Thomas, L.C. (1986). A survey of maintenance 
and replacement models for maintainability and 
reliability of multi-item systems. Reliability 
Engineering 16, 297-309. 

[37] Valdez-Flores, C.& Feldman, R. (1989). A survey 
of preventive maintenance models for 
stochastically deteriorating single-unit systems. 
Naval Research Logistics 36, 419-446. 

[38] Wang, W. (2012). An overview of the recent 
advances in delay-time-based maintenance 
modelling. Reliability Engineering and System 
Safety106, 165-178. 

[39] Wang, W. (2008). Delay time modelling. In: 
Complex system maintenance handbook. 
Kobbacy, k. A. H. & Prabhakar Murthy, D. N. 
(eds.). Springer.  

[40] Wang, W. (2003). A delay time based approach 
for risk analysis of maintenance activities. 
Journal of the Safety and Reliability Society 23, 1, 
103-113. 

[41] Wang, H. (2002). A survey of maintenance 
policies of deteriorating systems. European 
Journal of Operational Research 139, 469-489. 

[42] Wang, W. & Christer, A.H. (1997). A modelling 
procedure to optimize component safety 
inspection over a finite time horizon. 
International Quality and Reliability Engineering 
13, 217-224. 

[43] Werbińska-Wojciechowska, S. (2012). Problems 
of logistics systems modelling with the use of 
DTA approach. Logistics and Transport 2, 63-74. 

[44] Yamashina, H. & Otani, S. (2001). Cost-
optimized maintenance of the elevator – single 
unit case. Journal of Quality in Maintenance 
Engineering 7, 1, 49. 

[45] Zhao, J., Chan, A.H.C., Roberts, C. & Madelin, 
K.B. (2007). Reliability evaluation and 
optimisation of imperfect inspections for a 

component with multi-defects. Reliability 
Engineering and Systems Safety 92, 65-73. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Jodejko-Pietruczuk Anna, Nowakowski Tomasz, Werbińska-Wojciechowska Sylwia 
Time between inspections optimization for technical for technical object with time resource 

 

 42 

 
 
 
 
 
 
 
 
 


