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1. Introduction 

Most real technical systems are very complex. Large 
numbers of components and subsystems and their 
operating complexity cause that the identification, 
prediction and optimization of their reliability are 
complicated. The complexity of the systems’ 
operation processes and their influence on changing 
in time the systems’ structures and their components’ 
reliability parameters is often very difficult to fix and 
to analyze and simultaneously frequently met in real 
practice.  
The convenient tools for analyzing these problems 
are semi-Markov modelling of the system operation 
processes [2], [9] linked with multistate approach for 
the system reliability analysis [8], [10] and a linear 
programming for the system reliability optimization 
[4], [6]. An application of the proposed approach to 
reliability analysis and optimization of a container 
gantry crane is presented in this paper.    
 
2. Complex technical system reliability 
analysis 
 
2.1. Modelling complex technical systems 
operation processes 

In analyzing the operation process of the complex 
technical system with the distinguished operation 
states νzzz .,..,, 21 , the semi-Markov process may 

be used to construct its general probabilistic model 
[7], [10]. To build this model the following 
parameters are defined: 
• the vector of probabilities νx1)]0([ bp  of the 

system operation process initials operation states;  
• the matrix of probabilities ννx][ blp  of the system 

operation process transitions between the 
operation states;  

• the matrix of conditional distribution functions 

ννx)]([ tH bl  of the system operation process 

conditional sojourn times blθ  at the operation 
states.  

To describe the system operation process conditional 
sojourn times at the particular operation states the 
uniform distribution, the triangle distribution, the 
double trapezium distribution, the quasi-trapezium 
distribution, the exponential distribution, the Weibull 
distribution, the normal distribution and the chimney 
distribution are suggested as suitable [7].  
Under these definitions and assumptions, the 
following main characteristics of the system 
operation process can be predicted:  
• the vector  νxb tH 1)]([ , of the unconditional 

distribution functions of the sojourn times bθ  of 
the system operation process at the operation 
states 
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• the vector  νxbM 1][ , of the mean values of the 

unconditional sojourn times bθ  
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where blM  are defined by the formula  
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• the vector νxbp 1][  of the limit values of the 

transient probabilities )(tpb  at the particular 
operation states  
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where ,bM  ,,...,2,1 vb =  are given by (2), while 

the steady probabilities bπ  of the vector νπ xb 1][  
satisfy the system of equations   
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• the vector νxbM 1]ˆ[  of the mean values of the total 

sojourn times bθ̂  at the particular operation states 
for sufficiently large operation time θ   

   =bM̂ ,]ˆ[ θθ bb pE = ,,...,2,1 vb =                          (4) 
 

     where bp  are given by (3). 
 
2.2. Modelling reliability of multistate systems 
with ageing components 

In the systems’ reliability analysis it is practically 
reasonable to expand their two-state models to the 
multi-state models [1], [3], [5], [11]. Introducing the 
multi-state approach to reliability analysis of systems 
with ageing components we have to accept certain 
assumptions [5] that are as follows: 
• n is the number of the system components,  
• Ei, i = 1,2,...,n, are components of a system, 
• all components and a system under consideration 

have the reliability state set {0,1,...,z}, ,1≥z  

• the reliability states are ordered, the reliability 
state 0 is the worst and the reliability state z is the 
best,  

• Ti(u),  i = 1,2,...,n,  are independent random 
variables representing the lifetimes of 
components Ei in the reliability state subset 
{ u,u+1,...,z}, while they were in the reliability 
state z at the  moment t = 0,   

• T(u) is a random variable representing the lifetime 
of a system in the reliability state subset  
{ u,u+1,...,z} while it was in the reliability state z 
at the moment t = 0, 

• the system states degrades with time t, 
• Ei(t) is a component Ei reliability state at the 

moment t, ),,0 ∞∈<t  given that it was in the 
reliability state z  at the moment t = 0,   

• S(t) is a system S reliability state at the moment t, 
),,0 ∞∈<t  given that it was in the reliability state 

z at the moment t = 0.  
The above assumptions mean that the reliability 
states of the system with ageing components may be 
changed in time only from better to worse. The way 
in which the components and the system reliability 
states change is illustrated in Figure 1.  
 

                                                                                              transitions 

                                                 the worst state                                  the best state 

 
 
 

 
                .                                                

      . . .    0 1 u-1 z-1 z u . . . 

 
 

Figure 1. Illustration of a system and components 
reliability states changing  
 
Under these assumptions, the following multi-state 
system reliability characteristics may be introduced 
and determined:  
• the component multi-state reliability function  

 
   Ri(t ⋅, ) = [Ri(t,0),Ri(t,1),...,Ri(t,z)], ),,0 ∞∈<t  
 
where Ri(t,u), u = 0,1,...,z,  i = 1,2,...,n, is the 
probability that the component Ei is in the reliability 
state subset },...,1,{ zuu +  at the moment t, 

),,0 ∞∈<t  while it was in the reliability state z at the 
moment t = 0,  
• the system multi-state reliability function  
 
   R(t ⋅, ) = [R(t,0),R(t,1),...,R(t,z)], ),,0 ∞∈<t  
 
where R(t,u), u = 0,1,...,z, is the probability that the 
system is in the reliability state subset },...,1,{ zuu +  
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at the moment t, ),,0 ∞∈<t  while it was in the 
reliability state z at the moment t = 0,  
• the system risk function r(t) which is the 

probability that the system is in the subset of 
reliability states worse than the critical reliability 
state r while it was in the reliability state z at the 
moment t = 0. 

 
2.3. Complex technical systems reliability 
prediction 

Designing  the general reliability analytical models 
of complex multi-state technical systems related to 
their operation processes, linking their reliability 
model and their operation processes models and 
considering variable at different operation states their 
reliability structures and their components reliability 
parameters is practically very well justified [10]. 
Thus, we assume that  the changes of the operation 
process states have an influence on the system multi-
state components reliability and the system reliability 
structure, denoting the conditional reliability function 
of the system multi-state component iE , i = 1,2,...,n, 

while the system is at the operation state bz  by  
 

   
)()],([ b

i tR ⋅ =[1, ,)]1,([ )(b
i tR ..., )()],([ b

i ztR ],   
   
   ),,0 ∞∈<t  .,...,2,1 vb =  
 
To predict the complex technical system reliability 
and risk we determine the following characteristics: 
• the conditional reliability functions of the system 

while the system is at the operational states bz   
 

   
)()],([ bt ⋅R =[1, ,)]1,([ )(btR ..., )()],([ bztR ,  

 
   ),,0 ∞∈<t ;,...,2,1 ν=b  

 
• the unconditional reliability function of the 

system    
 
   ),( ⋅tR  = [1, ),1,(tR ..., ),( ztR ], ),,0 ∞∈<t         (5) 
 
where  
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• the mean values of the system unconditional 

lifetimes in the reliability state subsets 
},...,1,{ zuu +     

 

   
,)()(

1
∑≅
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ν
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b
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where ),(ubµ ,,...,2,1 zu =

 
are the mean values of the 

system conditional lifetimes in the reliability state 
subsets },...,1,{ zuu +  while the system is at the 

operation state ,bz ,,...,2,1 vb =   defined by the 
formula 
 

   ∫=
∞

0

)( ,)],([)( dtutu b
b Rµ ,,...,2,1 zu =                    (8) 

 
and bp  are given by (3);  

• the standard deviations ),(uσ  ,,...,2,1 ν=b  of the 
system unconditional lifetimes in the reliability 
state subsets },...,1,{ zuu + , defined by the 
formula  
 

   ∫=
∞

0

2 2)( tuσ ,)]([),( 2udtut µ−R ;,...,2,1 zu =     (9) 

      
• the mean values of the system unconditional 

lifetimes in the particular reliability states 
 

   ),1()()( +−= uuu µµµ  ,1,...,2,1 −= zu   
 
   ),()( zz µµ =                                                       (10)  
                                             
• the system risk function    
 
   r(t) = −1  R(t,r), ),,0 ∞∈<t                                  (11) 

 
• the moment when the risk exceeds a permitted 

level δ    
 
   =τ r ),(1 δ−                                                           (12) 
 
where r )(1 t−  is the inverse function of the risk 
function r(t). 
 
2.4. Complex technical systems reliability 
optimization 
 
2.4.1. Optimal transient probabilities of 
complex technical system operation process at 
operation states 

Considering the equation (6), it is natural to assume 
that the system operation process has a significant 
influence on the system reliability. This influence is 
also clearly expressed in the equation (7) for the 
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mean values of the system unconditional lifetimes in 
the reliability state subsets.   
From the linear equation (7), we can see that the 
mean value of the system unconditional lifetime 

)(uµ , ,,...,2,1 zu =  is determined by the limit values 

of transient probabilities ,bp  ,,...,2,1 ν=b  of the 
system operation process at the operation states 
given by (3) and the mean values )(ubµ , 

,,...,2,1 ν=b  ,,...,2,1 zu =  of the system conditional 
lifetimes in the reliability state subsets 

},,...,1,{ zuu + ,,...,2,1 zu =  given by (8). Therefore, 
the system lifetime optimization approach based on 
the linear programming [4], [8]-[9], can be proposed. 
Namely, we may look for the corresponding optimal 
values ,bp&  ,,...,2,1 ν=b  of the transient probabilities 

,bp  ,,...,2,1 ν=b  of the system operation process at 
the operation states to maximize the mean value 

)(uµ  of the unconditional system lifetimes in the 
reliability state subsets },,...,1,{ zuu + ,,...,2,1 zu =  

under the assumption that the mean values )(ubµ , 
,,...,2,1 ν=b  ,,...,2,1 zu =  of the system conditional 

lifetimes in the reliability state subsets are fixed. As a 
special and practically important case of the above 
formulated system lifetime optimization problem,  if 

,r  ,,...,2,1 zr =  is a system critical reliability state, 
we may look for the optimal values ,bp&  ,,...,2,1 ν=b  

of the transient probabilities ,bp  ,,...,2,1 ν=b  of the 
system operation process at the system operation 
states to maximize the mean value )(rµ  of the 
unconditional system lifetime in the reliability state 
subset },,...,,1,{ zrr + ,,...,2,1 zr =  under the 

assumption that the mean values )(rbµ , 

,,...,2,1 ν=b  ,,...,2,1 zr =  of the system conditional 
lifetimes in this reliability state subset are fixed. 
More exactly, we may formulate the optimization 
problem as a linear programming model with the 
objective function of the following form 
  

   ∑=
=

ν
µµ

1
)()(

b
bb rpr                                          (13) 

 
for a fixed },...,2,1{ zr ∈  and with the following 
bound constraints 
 
   ,bbb ppp
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=

ν

1
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b
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where 
 

   )(rbµ , ,0)( ≥rbµ  ,,...,2,1 ν=b                         (16) 
 
are fixed mean values of the system conditional 
lifetimes in the reliability state subset },...,1,{ zrr +  
and  
 
   ,bp

(
 10 ≤≤ bp

(
 and  

 
   ,bp

)
 ,10 ≤≤ bp

)
 ,bb pp

)( ≤  ,,...,2,1 ν=b  (17) 
             

are lower and upper bounds of the unknown transient 
probabilities bp , ,,...,2,1 ν=b  respectively.  
Now, we can obtain the optimal solution of the 
formulated by (13)-(15) the linear programming 
problem, i.e. we can find the optimal values bp&  of 

the transient probabilities ,bp  ,,...,2,1 ν=b  that 
maximize the objective function given by (13).  
First, we arrange the system conditional lifetime 
mean values ),(rbµ  ,,...,2,1 ν=b  in non-increasing 
order  
 
   ≥)(

1
rbµ ≥)(

2
rbµ . . . ),(rbν

µ≥  

 
where },...,2,1{ ν∈ib  for .,...,2,1 ν=i  
Next,  we substitute  
 
   

ibi px = , 
ibi px

(( = , 
ibi px

)) =  for  ν,...,2,1=i    (18)     

 
and we maximize with respect to ,ix  ,,...,2,1 ν=i  
the linear form (13) that after this transformation 
takes the form  
 

   ∑=
=

ν
µµ

1
)()(

i
ibi rxr                                         (19) 

 
for a fixed },...,2,1{ zr ∈  with the following bound 
constraints 
 
   ,iii xxx

)( ≤≤ ,,...,2,1 ν=i                                (20) 
 

   ∑ =
=

ν

1
,1

i
ix                                                        (21) 

 
where 
 
   ),(r

ibµ  ,0)( ≥r
ibµ  ,,...,2,1 ν=i  

 
are fixed mean values of the system conditional 
lifetimes in the reliability state subset },...,1,{ zrr +  
arranged in non-increasing order and  
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   ,ix
(

 10 ≤≤ ix
(

 and  
 
   ,ix

)
 ,10 ≤≤ ix

)
 ,ii xx

)( ≤  ,,...,2,1 ν=i                 (22) 
 
are lower and upper bounds of the unknown 
probabilities ix , ,,...,2,1 ν=i  respectively.  

To find the optimal values of ,ix  ,,...,2,1 ν=i  we 
define  
 

   ∑=
=

ν

1
,

i
ixx
((  xy

(−= 1ˆ                                         (23) 

 
and 
 
   ,00 =x

(
 00 =x
)   and 
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=

I

i
i

I xx
1

,
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=

I

i
i

I xx
1

))  for .,...,2,1 ν=I               (24) 

                       
Next, we find the largest value },...,1,0{ ν∈I  such 
that  
 
   yxx II ˆ<− ()

                                                     (25) 
 
and we fix the optimal solution that maximize (19) in 
the following way:  
i) if ,0=I  the optimal solution is 
  
   11

ˆ xyx
(

& +=  and ii xx
(

& =  for ;,...,3,2 ν=i           (26)
    
ii) if ,0 ν<< I  the optimal solution is  
 
   ii xx

)
& =  for ,,...,2,1 Ii = 11

ˆ ++ ++−= I
II

I xxxyx
(()

&  
 
   and ii xx

(
& =  for  ;,...,3,2 ν++= IIi         (27)                  

 
iii) if ,ν=I  the optimal solution is  
 
   ii xx

)
& =  for .,...,2,1 ν=i                            (28) 

 
Finally, after making the inverse to (18) substitution, 
we get the optimal limit transient probabilities 
  
   iib xp && =  for  ,,...,2,1 ν=i                            (29) 

 
that maximize the system mean lifetime in the 
reliability state subset },,...,1,{ zrr + defined by the 
linear form (13), giving its maximum value in the 
following form 

 

   ∑=
=

ν
µµ

1
)()(

b
bb rpr &&                                         (30) 

for a fixed },...,2,1{ zr ∈ .  
 
2.4.2. Optimal reliability and safety 
characteristics of complex technical system  

From the expression (30) for the maximum mean 
value )(rµ&  of the system unconditional lifetime in 
the reliability state subset },,...,1,{ zrr +  replacing in 
it the critical reliability state r  by the reliability state 

,u ,,...,2,1 zu =  we obtain the corresponding optimal 
solutions for the mean values of the system 
unconditional lifetimes in the reliability state subsets  

},...,1,{ zuu +  of the form 
  

  ∑=
=

ν
µµ

1
)()(

b
bb upu &&  for  .,...,2,1 zu =               (31) 

 
Further, according to (5)-(6), the corresponding 
optimal unconditional multistate reliability function 
of the system is the vector   
 
   ),( ⋅tR& = [1, ),1,(tR& ..., ),( ztR& ],                          (32) 
 
with the coordinates given by  
 

   ),( utR& )(

1
]),([ b

v

b
b utp∑≅

=
R&  for 0≥t ,                  (33) 

 
   .,...,2,1 zu =   
 
By applying (9), the corresponding optimal values of 
the variances of the system unconditional lifetimes in 
the system reliability state subsets are 
 

   ∫=
∞

0

2 2)( tuσ& ,)]([),( 2udtut µ&& −R  ,,...,2,1 zu =  (34)   

 
where )(uµ&  is given by (31) and ),( utR&  is given by 
(33).  
And, by (10), the optimal solutions for the mean 
values of the system unconditional lifetimes in the 
particular reliability states are   
 
   ),1()()( +−= uuu µµµ &&&  ,1,...,1, −= zu   
 
   ).()( zz µµ && =                                                      (35) 
 
Moreover, considering (11) and (12), the 
corresponding optimal system risk function and the 
optimal moment when the risk exceeds a permitted 
level δ, respectively are given by  
 
   )(tr& = 1 - ),,( rtR&  ,0≥t                                 (36) 
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and    
 
   =τ& ),(1 δ−r&                                                      (37) 
 
where ),( rtR&  is given by (33) for ru =  and ),(1 t−r&  
if it exists, is the inverse function of the optimal risk 
function ).(tr&  
 
2.4.3. Optimal sojourn times of complex 
technical system operation process at 
operation states and operation strategy    

Replacing in (3) the limit transient probabilities bp  
of the system operation process at the operation 
states by their optimal values bp&  found in Section 

2.4.1 and the mean values bM  of the unconditional 
sojourn times at the operation states by their 
corresponding unknown optimal values bM&  
maximizing the mean value of the system lifetime in 
the reliability states subset  },...,1,{ zrr +  defined by 
(13), we get the system of equations   
 

   bp&  = ,

1
∑
=

v

l
ll

bb

M

M

&

&

π

π
 .,...,2,1 vb =                           (38) 

 
After simple transformations the above system takes 
the form  
 
   0...)1( 1221111 =+++− ννπππ MpMpMp &&&&&&  
 
   0...)1( 2222112 =++−+ ννπππ MpMpMp &&&&&&  

 .                                                              (39) 
                     . 
                     . 
   ,0)1(...2211 =−+++ ννννν πππ MpMpMp &&&&&&  
 
where bM&  are unknown variables we want to find, 

bp&  are optimal transient probabilities determined by 

(29) and bπ  are steady probabilities defined in 
Section 2.1.  
Since the system of equations (39) is homogeneous 
and it can be proved that the determinant of its main 
matrix is equal to zero, then it has nonzero solutions 
and moreover, these solutions are ambiguous. Thus, 
if we fix some of the optimal values bM&  of the mean 

values bM  of the unconditional sojourn times at the 
operation states, for instance by arbitrary fixing one 
or a few of them, we may find the values of the 
remaining once and this way to get the solution of 
this equation.  

Having this solution, it is also possible to look for the 
optimal values blM&  of the mean values blM  of the 
conditional sojourn times at the operation states 
using the following system of equations  
 

   ,
1

b

v

l
blbl MMp && =∑

=
 ,,...,2,1 vb =                            (40) 

 
obtained from (2) by replacing bM  by bM&  and blM  

by ,blM&  were blp  are known probabilities of the 
system operation process transitions between the 
operation states bz  i ,lz  ,,...,2,1, vlb =  ,lb ≠  
defined in Section 2.1. 
Another very useful and much easier to be applied in 
practice tool that can help in planning the operation 
processes of the complex technical systems are the 
system  operation process optimal mean values of the 

total system operation process sojourn times bθ̂  at 

the particular operation states ,bz  ,,...,2,1 vb =  

during the fixed system operation time ,θ  that  can 
be obtain by the replacing in the formula (4) the 
transient probabilities bp  at the operation states bz  

by their optimal values bp&  and resulting in the 
following expession  
 

   =bM
&̂

,]ˆ[ θθ bb pE && =  .,...,2,1 vb =                       (41)
                      
 The knowledge of the optimal values bM&  of the 
mean values of the unconditional sojourn times and 
the optimal values blM&  of the mean values of the 
conditional sojourn times at the operation states and 

the optimal mean values ]ˆ[ bE θ&  of the total sojourn 
times at the particular operation states during the  
fixed system operation time may by the basis for 
changing the complex technical systems operation 
processes in order to ensure these systems operation 
more reliable and safer.     
 
3. Container gantry crane reliability 
prediction and optimization 
 
3.1. Container gantry crane description 

We analyze the reliability of the container gantry 
crane that is operating at the container terminal 
placed at the seashore [8]. The considered container 
terminal is engaged in trans-shipment of containers. 
The loading of containers is carried out by using the 
gantry cranes called Ship-To-Shore (STS).  
We consider the STS container gantry crane that is 
composed of 5 basic subsystems ,1S  ,2S  ,3S  4S  
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and 5S  having an essential influence on its 
reliability. Those subsystems are as follows:  

1S  - the power supply subsystem, 

2S  - the control and monitoring subsystem, 

3S  - the arm getting up and getting down subsystem, 

4S  - the transferring subsystem, 

5S  - the loading and unloading subsystem. 

The gantry crane power supply subsystem 1S  
consists of: 
• a high voltage cable delivering the energy from 

the substation to the gantry crane )1(
1E , 

• a drum allowing the cable unreeling during the 
crane transferring )1(

2E , 

• an inner crane power supply cable)1(
3E  , 

• a device transmitting the energy from the high 
voltage cable to the inner crane cable )1(

4E , 

• main and supporting voltage transformers )1(
5E , 

• a low voltage power supply cable )1(
6E , 

• relaying and protective electrical components 
)1(

7E . 
The gantry crane control and monitoring subsystem 

2S  consists of: 

• a crane software controller precisely analyzing the 
situation and takes suitable actions in order to 
assure correct work of the crane )2(

1E , 

• a measuring and diagnostic device sending 
signals about the crane state to the software 
controller )2(

2E , 

• a transmitter of signals from the controller to 
elements executing the set of commands )2(

3E , 

• devices carrying out the controller’s orders (a 
permission to work, a blockade of work, etc.) 

)2(
4E , 

• control panels (an engine room, an operator’s 
cabin, a crane arm cabin) )2(

5E , 

• control and steering cables’ connections )2(
6E . 

The gantry crane arm getting up and getting down 
subsystem 3S  consists of: 

• a propulsion unit (an engine, a rope drum, a 
transmission gear, a clutch, breaks, a rope) )3(

1E , 

• a set of rollers and multi-wheels )3(
2E , 

• a crane arm (joints, hooks fastening the arm) 
)3(

3E . 

The gantry crane transferring subsystem 4S consists 
of: 
• a driving unit (an engine, a clutch, breaks, a 

transmission gear, gantry crane wheels) )4(
1E . 

The gantry crane loading and unloading subsystem 

5S  consists of the winch unit )5(
1E  composed of: 

• a propulsion unit (an engine, a clutch, breaks, a 
transmission gear, ropes), 

• a winch head (which a container grab is 
connected to), 

• a container’s grab, 
• a container’s grab stabilizing unit 
and the cart unit )5(

2E composed of: 

• a propulsion unit (an engine, a clutch, breaks, a 
transmission gear, cart wheels, ropes), 

• rails which cart is moving on during the 
operation, 

• a crane cart. 
 
3.2. Container gantry crane operation process 
identification 

We assume that the container gantry crane reliability 
structure and its subsystems ,υS ,5,4,3,2,1=υ  and 
components reliability depend on its changing in 
time operation states [8]. Taking into account expert 
opinions about the operations process )(tZ of the 
considered container gantry crane we distinguish the 
following as its six operation states:  
• an operation state −1z  the crane standby with the 

power supply on and the control system off, 
• an operation state −2z  the crane prepared either 

to starting or finishing the work with the crane 
arm angle position of 90o, 

• an operation state −3z  the crane prepared either 
to starting or finishing the work with the crane 
arm angle position of 0o,  

• an operation state −4z  the crane transferring 
either to or from the loading and unloading area 
with the crane arm angle position of 90o, 

• an operation state −5z  the crane transferring 
either to or from the loading and unloading area 
with the crane arm angle position of 0o, 

• an operation state −6z  the containers’ loading 
and unloading with the crane arm angle position 
of 0o. 

Moreover, we fix that there are possible the 
transitions between all system operation states. 
Hence and on the basis of statistical data coming 
from experts [8], the probabilities ,blp  ,6,...,2,1, =lb  
of the container gantry crane operation process 
transitions from the operation state bz  into the 

operation state lz  were fixed and they amount  
 
         =][ blp  
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0360.00628.00012.0

775.000220.00005.0

0000583.0417.0

666.0118.000111.0105.0

009.00093.0373.00525.0

008.00008.0336.0648.00

.                 

 
The matrix 66)]([ xbl th  of conditional density 
functions of the container gantry crane operation 
process conditional sojourn times blθ  at the 

operation state bz  while the next transition is into the 

operation state ,lz  ,6,...,2,1, =lb  was evaluated and 
they are given in [8]. Knowing these distributions, 
the conditional mean sojourn times of the container 
gantry crane at the particular operation states can be 
evaluated and they are as follows: 
 

   ,978.45612 =M ,860.3613 =M  ,5014 =M ,316 =M  
 

   ,887.721 =M ,121.923 =M ,545.124 =M ,1626 =M  
 

   ,5.531 =M ,343.432 =M ,822.635 =M ,857.736 =M  
 

   ,241 =M ,143.242 =M  
 

   ,1051 =M ,899.253 =M ,681.2456 =M  
 
   ,6.2261 =M ,117.2363 =M .512.2065 =M            (42) 

 
Next, applying (7), the unconditional mean sojourn 
times of the container gantry crane operation process 
at the particular operation states can be evaluated and 
they are as follows:  
 
   1M ,93.308≅ 2M ,83.7≅ 3M ,09.7≅  
 
   4M ≅ 2.08, 5M ,82.19≅ 6M .17.22≅                 (43) 

 
Using those results, according to (3), the limit values 
of the transient probabilities )(tpb  of the gantry 

crane operation process at the operation states bz  are   
 
   ,6874.01 =p ,0187.02 =p  ,0515.03 =p  
 
   ,0005.04 =p ,0717.05 =p  .1702.06 =p          (44)           
 
The system operation process optimal mean values 
of the total sojourn times at the particular operation 

states during the fixed system operation time 
1=θ year = 365 days, after aplying (4),  are   

 

   ]ˆ[ 1θE  = 251 days, ]ˆ[ 2θE  = 7 days, 
 

   ]ˆ[ 3θE  = 19 day, ]ˆ[ 4θE  = 0.2 day,  
 

  ]ˆ[ 5θE  = 26 days, ]ˆ[ 6θE  = 62 days.                   (45) 
 
3.3. Container gantry crane reliability 
prediction 

We assume that subsystems ,υS  5,4,3,2,1=υ  are 
composed of four-state components, i.e. z = 3 and 
their reliability states are 0, 1, 2 and 3 with the multi-
state reliability functions given by the vectors  
 
   )()( )],([ b

i tR ⋅υ   
 
   = [1, )()( )]1,([ b

i tR υ , )()( )]2,([ b
i tR υ , )()( )]3,([ b

i tR υ  ],     
  
   ,6,...,2,1=b  
 
where  
 

   
)()( )],( b

i utR υ ))()](([ )()(
b

b
i ztZtuTP =>= υ   

 
    for ),,0 ∞∈<t  ,3,2,1=u  ,6,...,2,1=b  
 
is the conditional reliability function standing the 
probability that the conditional lifetime )()( )]([ b

i uT υ  
of the container gantry crane component in the 
reliability states subset }3,...,1,{ +uu  is greater than 
t, while the system operation process )(tZ  is at the 

operation state ,bz  .6,...,2,1=b  
In [8], on the basis of expert opinions, the reliability 
functions of the container gantry crane components 
in different operation states were approximately 
determined. Further, they were used in [8] to this 
system reliability analysis and evaluation. 
Assuming that the container gantry crane is in the 
reliability state subset {u,u+1,...,3 } if all its 
subsystems are in this subset of reliability states, we 
conclude that the gantry crane is a four-state series 
system [10] of subsystems 1S , 2S , 3S , 4S , 5S  with 
the scheme presented in Figure 2.  
 
 
 
 
Figure 2. General scheme of container gantry crane 
reliability structure 

 S1  S2  S3  S4  S5 
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Next, we assume that changes of the container gantry 
crane operation states have an influence on the 
subsystems ,υS  ,5,4,3,2,1=υ  components reliability 
and on the gantry crane reliability structures as well. 
The container gantry crane operation process 
influence on the system reliability structure is 
expressed below.      
At the system operation state 1z , the container gantry 
crane is composed of the subsystem 1S  which is  a 

series system composed of 7=n components ,)1(
iE  

7,..,2,1=i  (subsystems) with the structure showed in 
Figure 3. 
 
 
 
 
 
Figure 3. The scheme of the container gantry crane 
at operation state z1. 
 
At the system operation states 2z  and 3z , the 
container gantry crane is composed of the 
subsystems 1S , 2S  and 3S  forming a series structure 

shown in Figure 4. The subsystem 1S  is a series 
system composed of 7=n  components 

,)1(
iE 7,..,2,1=i , the subsystem 2S  is a series system 

composed of 6=n  components ,)2(
iE 6,..,2,1=i , and  

the subsystem 3S  is a series system composed of 

3=n  components ,)3(
iE 3,2,1=i . 

At the system operation states 4z  and 5z , the 
container gantry crane is composed of the 
subsystems 1S , 2S , 3S  and 4S  forming a series 

structure shown in Figure 5. The subsystem 1S  is a 

series system composed of 7=n  components 
,)1(

iE 7,..,2,1=i , the subsystem 2S  is a series system 

composed of 6=n  components ,)2(
iE 6,..,2,1=i , the 

subsystem 3S  is a series system composed of 3=n  

components ,)3(
iE 3,2,1=i , and the subsystem 4S  

consists of a component .)4(
1E   

At the system operation state 6z , the container 

gantry crane is composed of the subsystems 1S , 2S , 

3S  and 5S  forming a series structure shown in 
Figure 6. The subsystem 1S  is a series system 

composed of 7=n  components ,)1(
iE 7,..,2,1=i , the 

subsystem 2S  is a series system composed of 6=n  

components ,)2(
iE 6,..,2,1=i , the subsystem 3S  is a 

series system composed of 3=n  components 

,)3(
iE 3,2,1=i  and the subsystem 5S  is a series 

system composed of 2=n  components ,)5(
iE .2,1=i  

 

 
 
 
 
                         
                          Figure 4.  The scheme of the container gantry crane at operation states z2 and z3. 
 
 
 
                 
 
                           Figure 5.  The scheme of the container gantry crane at operation states z4 and 5z . 
 
 
 
 
 
                             Figure 6. The scheme of the container gantry crane at operation state z6. 
 

)1(
1E  )1(

2E  )1(
3E  )1(

4E  )1(
5E  )1(

6E  )1(
7E  

1S  

2S

 
3S

 
1S

 )1(
1E )1(

2E )1(
7E )2(

1E )2(
2E )2(

6E )3(
1E )3(

2E )3(
3E

3S  1S  

)1(
1E )1(

2E )1(
7E )2(

1E )2(
2E )2(

6E )3(
1E )3(

2E )3(
3E )4(

1E

4S  2S

 

2S  3S  1S  

)1(
1E )1(

2E )1(
7E )2(

1E )2(
2E )2(

6E )3(
1E )3(

2E )3(
3E )5(

1E

5S  

)5(
2E



Kołowrocki Krzysztof, Soszyńska-Budny Joanna 
Reliability prediction and optimization of complex technical systems with application in port transport  

 

 272

On the basis of expert opinions and statistical data 
given in [8], the container gantry crane reliability 
structures and their components reliability functions 
and the container gantry crane conditional reliability 
functions at different operation states can be 
determined. Further, in the case when the gantry 
crane operation time is large enough, using the 
system conditional reliability functions at particular 
operation states, we may conclude the unconditional 
reliability function of the container gantry crane is 
given by the vector  
 

   
),( ⋅tR =[1, ),1,(tR ),2,(tR )3,(tR ], ,0≥t         (46)                        

 
where, according to (5)-(6), after considering the 
values of ,bp ,6,...,2,1=b  given by (44), its co-
ordinates are   
 

   
=),( utR )1()],([6874.0 utR⋅ )2()],([0187.0 utR⋅+

 
 

           
)3()],([0515.0 utR⋅+ )4()],([0005.0 utR⋅+

  
                                                                              

           
)5()],([0717.0 utR⋅+ ,)],([1702.0 )6(utR⋅+ (47) 

 
for t ≥ 0, ,3,2,1=u   where )()],([ butR  for 

,6,...,2,1=b  are the container gantry crane 
conditional reliability functions at particular 
operation states ,bz ,6,...,2,1=b  given in [8]. 
Next, according to (7), considering the results from 
[8], it follows that the mean values of the container 
gantry crane unconditional lifetimes in the reliability 
state subsets },3,2,1{ },3,2{ {3} respectively are:    
 

   
)1(µ ≅ 4.14 years,  

 
   )2(µ +⋅= 79.36874.0 53.10187.0 ⋅ 52.10515.0 ⋅+  
 
            +⋅+ 43.10005.0 46.10717.0 ⋅ 28.11702.0 ⋅+  
 
            ≅ 3.04 years,                                             (48) 
 
   )3(µ ≅ 2.22 years.  
 
From the above, according to (10), the mean values 
of the system lifetimes in the particular reliability 
states 1, 2, 3 are:  
 
   ,10.1)1( =µ  ,82.0)2( =µ 22.2)3( =µ  years.     (49)                                           
 
Since the critical reliability state is r = 2, then the 
system risk function, according to (11), is given by  
 
    r(t) = ),2,(1 tR−

                                                
(50) 

where )2,(tR
 
is given by (47) for 2=u .

  
Hence, by (12), the moment when the system risk 
function exceeds a permitted level [10], for instance 
δ  = 0.05, obtained from (50), is 

  
   τ = r−1(δ) 126.0≅  year.                                      (51) 
 
3.4. Container gantry crane operation process 
optimization 

 

Considering the equations (46)-(47), it is natural to 
assume that the container gantry crane operation 
process has a significant influence on the system 
reliability. This influence is also clearly expressed in 
the formula (48) for the mean value of the container 
gantry crane unconditional lifetime in the reliability 
state subsets that can be used for this system 
operation process optimization performed in the 
accordance with the procedure proposed in Section 
2.4.1.  
In this case, as the container gantry crane critical 
state is ,2=r then considering the expression (48) 
the objective function, defined in the equation (13), 
takes the form 

 
   )2(µ 79.31 ⋅= p 53.12 ⋅+ p 52.13 ⋅+ p  43.14 ⋅+ p  
 
             46.15 ⋅+ p 28.16 ⋅+ p                                 (52)   
 
and we assume, the following coming from experts 
bound constraints  
 
   ,90.050.0 1 ≤≤ p  ,03.001.0 2 ≤≤ p     
 
   ,07.003.0 3 ≤≤ p ,0007.00004.0 4 ≤≤ p   
 
   ,09.005.0 5 ≤≤ p  ,30.009.0 6 ≤≤ p  
  

   ∑ =
=

6

1
.1

b
bp                                                            (53) 

 
Now, in order to find the optimal values bp&  of the 

transient probabilities ,bp  ,6,...,2,1=b  that 
maximize the objective function (52), according to 
the procedure given in Section 2.4.1, we arrange the 
system conditional lifetimes mean values ),2(bµ  

,6,...,2,1=b  in non-increasing order 
 
   ≥)2(1µ ≥)2(2µ ≥)2(3µ ≥)2(5µ ≥)2(4µ )2(6µ . 
 
Next, according to (18), we substitute  
    
   ,11 px =  ,22 px =  ,33 px =   
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   ,54 px =  ,45 px =  ,66 px =                              (54) 
 
and we maximize with respect to ,ix  ,6,...,2,1=i  the 
linear form (52) that after considering the 
substitution (54) takes the form  
 
   )2(µ 79.31 ⋅= x 53.12 ⋅+ x 52.13 ⋅+ x  
 
            46.14 ⋅+ x 43.15 ⋅+ x ,28.16 ⋅+ x                 (55)                  
 
with suitable bound constraints resulting from (54). 
Further, according to the procedure given in Section 
2.4.1, we calculate   
    

   ∑ ==
=

6

1
,6804.0

i
ixx
((   

   xy
(−=1ˆ  = 1 -  0.6804 = 0.3196,                       (56) 

 
and we find   
 
   ,00 =x

(
 00 =x
) ,  ,000 =− xx

()
 

 
   ,50.01 =x

(  ,90.01 =x
)

 ,40.011 =− xx
()

 
 
   ,51.02 =x

(
 ,93.02 =x
)

,42.022 =− xx
()

 
 
   ,54.03 =x

(
 ,00.13 =x
)

,46.033 =− xx
()

 
   . . . 
 
   6804.06 =x

( , ,3907.16 =x
)

 .7103.066 =− xx
() (57)     

 
From the above, as according to (56) after 
considering the inequality 
 
   3196.0<− II xx

() ,                                             (58) 
 
it follows that the largest value }6,...,1,0{∈I  such 
that the inequality (58) is satisfied, is .0=I   
Therefore, we fix the optimal solution that maximize 
linear function (55) according to the rule given in 
Section 2.4.1 and we get  

   11
ˆ xyx

(
& += ,8196.05.03196.0 =+=  

 
   22 xx

(
& = ,01.0=  ,03.033 == xx

(
&  05.044 == xx

(
& , 

 
   0004.055 == xx

(
& , .09.066 == xx

(
&                          

  
Finally, after making the substitution inverse to (54), 
we get the optimal transient probabilities  
 
   ,8196.011 == xp &&  ,01.012 == xp &&   

   ,03.033 == xp && ,0004.054 == xp &&  
 
   ,05.045 == xp && ,09.066 == xp &&                         (59)                            
 
that maximize the system mean lifetime in the 
reliability state subset }3,2{  expressed by the linear 
form (52) giving, according (59), its optimal value  
 
   )2(µ& 79.31 ⋅= p&  53.12 ⋅+ p&  52.13 ⋅+ p& 43.14 ⋅+ p&  
                      
            46.15 ⋅+ p& 28.16 ⋅+ p& ≅ 3.36.              (60)   
 
3.5.  Container gantry crane reliability 
optimization 

To make the optimization of the reliability of the 
container gantry crane we need the optimal values 

bp& , ,6,...,2,1=b  of the transient probabilities bp , 

,6,...,2,1=b  in particular operation states determined 
by (59). Using the optimal solution (59), we obtain 
the optimal mean values of the container gantry 
crane unconditional lifetimes in the reliability state 
subset }3,2,1{  and }3{  that respectively are  

 
   )1(µ& ≅  4.61, )3(µ&   ≅  2.45                                (61) 
 
and the optimal solutions for the mean values of the 
container gantry crane unconditional lifetimes in the 
particular reliability states 1, 2 and 3 are  
 
   ,25.1)1( =µ& ,91.0)2( =µ& .45.2)3( =µ&                    (62) 
 
Moreover, according to (32)-(33), the corresponding 
optimal unconditional multistate reliability function 
of the container gantry crane is given by the vector   
 
   ),( ⋅tR& = [1, ),1,(tR& ),2,(tR& )3,(tR& ],                    (63) 
 
where after considering the values of bp&  given by 
(59), its coordinates  are as follows 
 

   
),( utR& )1()],([8196.0 utR⋅= )2()],([01.0 utR⋅+

 
 

                
)3()],([03.0 utR⋅+ )4()],([0004.0 utR⋅+

 
 

                
)5()],([05.0 utR⋅+ )6()],([09.0 utR⋅+ ,   (64)                                                          

 
for t ≥ 0, ,3,2,1=u  where )()],([ butR  for 

,6,...,2,1=b  are the container gantry crane 
conditional reliability functions at particular 
operation states ,bz ,6,...,2,1=b  given in [8]. 
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Since the critical reliability state is r = 2, then 
according to (36)  the optimal system risk function is 
given by  
 
   )(tr& = )2,(1 tR&−  for t ≥ 0,                                   (65)                                                                                                                    
 
where )2,(tR&

 
is given by (64) for 2=u .  

Hence an from (37), the moment when the optimal 
system risk function exceeds a permitted level, for 
instance δ  = 0.05, is  
 
   τ& = )(δ-1r&  ≅  0.149 year.                                  (66) 
 
The comparison of the values of the container gantry 
crane reliability characteristics before the system 
operation process optimization given by (46)-(51) 
with their corresponding values after the system 
operation process optimization respectively given by 
(60)-(66) justifies the sensibility of the performed 
system operation process optimization.  
 
3.6. Optimal sojourn times of container 
gantry crane operation process at operation 
states 

Having the values of the optimal transient 
probabilities determined by (59), it is possible to find 
the optimal conditional and unconditional mean 
values of the sojourn times of the container gantry 
crane operation process at the operation states and 
the optimal mean values of the total unconditional 
sojourn times of the container gantry crane operation 
process at the operation states during the fixed 
operation time as well.   
Substituting the optimal transient probabilities at 
operation states determined in (59) and the steady 
probabilities   
 
   ,0951.01 ≅π  ,1020.02 ≅π  ,3100.03 ≅π  
    
   ,0102.04 ≅π  ,1547.05 ≅π  .3280.06 ≅π   
 
determined from the system of equation given in 
Section 2.1 into (39), we get the following system of 
equations  
 
   1017156.0 M&− 20835992.0 M&+  
 
   3254076.0 M&+ 40083599.0 M&+  
 
   51267921.0 M&+ 62688288.0 M&+  = 0 
 
   1000951.0 M& 210098.0 M&−  

   30031.0 M&+ 4000102.0 M&+  
 
   5001547.0 M&+ 600328.0 M&+  = 0 
 
   1002853.0 M& 200306.0 M&+  
 
   33007.0 M&− 4000306.0 M&+  
 
   5004641.0 M&+ 600984.0 M&+  = 0 
 
   1000038.0 M& 20000408.0 M&+  
 
   3000124.0 M&+ 40101959.0 M&−  
 
   50000618.0 M&+ 60001312.0 M&+ = 0 
 
   1004755.0 M& 20051.0 M&+  
 
   30155.0 M&+ 400051.0 M+  
 
   5146965.0 M&− 60164.0 M&+  = 0 
 
   1008559.0 M& 200918.0 M&+  
 
   30279.0 M&+ 4000918.0 M&+  
 
   5013923.0 M&+ 629848.0 M&−  = 0                       (67)                                                    
 
with the unknown optimal mean values bM&  of the 
system unconditional sojourn times in the operation 
states we are looking for. 
Since the determinant of the main matrix of the 
homogeneous system of equations (67) is equal to 0, 
then its rank is less than 6 and there are non-zero 
solutions of this system of equations that are 
ambiguous and dependent on one or more 
parameters. Thus, we may fix some of them and 
determine the remaining ones. In our case, according 
to (43), after considering experts opinion, we 
conclude that it is sensible to assume                              
 
   4M&  ≅  2.                                                             (68) 
 
Consequently, from (67), we get the system of 
equations  
 
   1017156.0 M&− 20835992.0 M&+  
 
   3254076.0 M&+ 51267921.0 M&+  
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   62688288.0 M&+  = 0167198.0−  
 
   1000951.0 M& 210098.0 M&−  
 
   30031.0 M&+ 5001547.0 M&+  
 
   600328.0 M&+ = 000204.0−  
 
   1002853.0 M& 200306.0 M&+  
 
   33007.0 M&− 5004641.0 M&+  
 
   600984.0 M&+  = 000612.0−  
 
   1000038.0 M& 20000408.0 M&+  
 
   3000124.0 M&+ 50000618.0 M&+  
 
   60001312.0 M&+ = 0203918.0  
 
   1004755.0 M& 20051.0 M&+  
 
   30155.0 M&+ 5146965.0 M&−  
 
   60164.0 M&+  = 00102.0−  
 
   1008559.0 M& 200918.0 M&+  
 
   30279.0 M&+ 5013923.0 M&+  
 
   629848.0 M&− = 001836.0−  
 
and we solve it with respect to 1M& , ,2M&  ,3M&  5M&  

and 6M& . 
This way obtained the solutions of the system of 
equations (67), are  
 
   1M& ≅  439.9400, 2M&  ≅ 5.0046, 3M&  ≅  4.9401, 
 
   4M&  ≅ 2,  5M&  ≅  16.4988, 6M& ≅ 14.0069.        (69)                                        
 
It can be seen that these solutions differ much from 
the values 1M , ,2M  ,3M ,4M  5M  and 6M  
estimated by (43).  
Having these solutions, it is also possible to look for 
the optimal values blM&  of the mean values blM  of 
the conditional sojourn times at the operation states. 
Namely, substituting the probabilities of the system 
operation process transitions between the operation 

states given in Section 3.2 and the optimal mean 
values bM&  given by (69) into (40), we get the 
following system of equations   
 
   0.648 12M& + 0.336 13M& + 0.008 14M&  
 
   + 0.008 16M&  = 439.9400 
 
   0.525 21M& + 0.373 23M&  + 0.093 24M&  
 
   + 0.009 26M& = 5.0046 
 
   0.105 31M& + 0.111 32M& + 0.118 35M&  
 
   + 0.666 36M& = 4.9401 
 
   0.417 41M&  + 0.583 42M& = 2 
 
   0.005 51M& + 0.220 53M& + 0.775 56M& + = 16.4988 
 
   0.012 61M& + 0.628 63M& + 0.360 65M& = 14.0069. 
 
with the unknown optimal values blM&  we want to 
find.  
As the solutions of the above system of equations are 
ambiguous, then we arbitrarily fix some of them, for 
instance because of practically important reasons, 
and we find the remaining ones. In this case we 
proceed as follows:  
• we fix in the first equation ,4013 =M&  ,5014 =M&  

416 =M&   and we find  ;5.65712 ≅M&  

• we fix in the second equation ,923 =M&   

,224 =M& 1626 =M& and we find  ;51.221 ≅M&  

• we fix in the third equation 
,631 =M& ,432 =M& 735 =M&  and we find  ;56.436 ≅M&  

• we fix in the fourth equation 241 =M&  and we find  

;242 ≅M&  

• we fix in the fifth equation ,1051 =M& 353 =M&  and 

we find  ;37.2056 ≅M&   

•  we fix in the sixth equation ,2361 =M& 2165 =M&  

and we find .83.963 ≅M&                                    (70)  
                                               
Other very useful and much easier to be applied in 
practice tool that can help in planning the operation 
process of the ferry technical system are the system 
operation process optimal mean values of the total 
sojourn times at the particular operation states during 
the fixed system operation time .θ  
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Assuming as in Section 3.2, the system operation 
time 1=θ year = 365 days, after aplying (41),  we get 
their values  
 

   ,15.2993658196.0]ˆ[ 11 ≅⋅== θθ pE &&   
 
   ,65.336501.0]ˆ[ 22 =⋅== θθ pE &&  
 
   ,95.1036503.0]ˆ[ 33 =⋅== θθ pE &&  
 
   ,15.03650004.0]ˆ[ 44 ≅⋅== θθ pE &&  
 
   ,25.1836505.0]ˆ[ 55 =⋅== θθ pE &&  
 
   .85.3236509.0]ˆ[ 66 =⋅== θθ pE &&                     (71) 
 

that differ from the values of ],ˆ[ iE θ  ,6,...,2,1=i  
determined by (45). 
In practice, the knowledge of the optimal values of 

bM& , blM&  and ]ˆ[ bE θ&  given respectively by (69)-(71), 
can be very important and helpful for the container 
gantry crane operation process planning and 
improving in order to make the system operation 
more reliable and safer. 
 
3.7. Parameters and characteristics of 
container gantry crane operation process 
before and after its optimization 

From Section 3.2, we have the values of the 
following container gantry crane operation process 
parameters before its optimization:  
• the conditional mean sojourn times of the 

container gantry crane at the particular operation 
states 

 

   ,978.45612 =M ,860.3613 =M  ,5014 =M ,316 =M  
 

   ,887.721 =M ,121.923 =M ,545.124 =M ,1626 =M  
 

   ,5.531 =M ,343.432 =M ,822.635 =M ,857.736 =M  
 

   ,241 =M ,143.242 =M  
 

   ,1051 =M ,899.253 =M ,681.2456 =M  
 
   ,6.2261 =M ,117.2363 =M .512.2065 =M            (72)     
            
• the unconditional mean sojourn times of the 

container gantry crane at the particular operation 
states     

   =1M ,93.308 =2M ,83.7 3M ,09.7=  
 
   4M = 2.08, 5M ,82.19≅ 6M ;17.22≅                  (73)                                                                    
          
• the transient probabilities of the container gantry 

crane operation process at the operational states   
 
   ,6874.01 =p ,0187.02 =p ,0515.03 =p  
 
   ,0005.04 =p ,0717.05 =p  ;1702.06 =p           (74)                                      
 
• the total sojourn times of the container gantry 

crane operation process in particular operation 
states during the operation time 1=θ  year = 365 
days 

 

   ]ˆ[ 1θE  = 251 days, ]ˆ[ 2θE  = 7 days, 
 

   ]ˆ[ 3θE  = 19 day, ]ˆ[ 4θE  = 0.2 day,   
 

   ]ˆ[ 5θE  = 26 days, ]ˆ[ 6θE  = 62 days.                  (75) 
 
From Section 3.6, we have the values of the 
following container gantry crane operation process 
parameters after its optimization:  
• the optimal conditional mean sojourn times of the 

container gantry crane at the particular operation 
states 

 
   ,5.65712 ≅M& ,4013 =M&  ,5014 =M&  ,416 =M&  
 
   ,51.221 ≅M& ,923 =M&   ,224 =M& ,1626 =M&  
 
   ,631 =M& ,432 =M& ,735 =M&  ,56.436 ≅M&  
 
   ,241 =M&  ,242 ≅M& ,1051 =M&  
 
   ,353 =M&  ,37.2056 ≅M&  
 
   ,2361 =M& ,2165 =M&  .83.963 ≅M&                           (76) 
 
• the optimal unconditional mean sojourn times of 

the container gantry crane in the particular 
operation states     

  
   1M& ≅  439.94, 2M&  ≅ 5.00, 3M&  ≅  4.94,  
 
   4M&  ≅ 2, 5M&  ≅  16.50, 6M& ≅ 14.01;                (77) 
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• the optimal transient probabilities of the container 
gantry crane operation process at the operational 
states   

 
   ,8196.01 =p&  ,01.02 =p&  ,03.03p&   

   ,0004.04 =p& ,05.05 =p& ;09.06 =p&                  (78) 
                                

• the optimal total sojourn times of the container 
gantry crane operation process in particular 
operation states during the operation time 1=θ  
year = 365 days 

 
   15.299]ˆ[ 1 =θE&  days, 65.3]ˆ[ 2 =θE&  days,  
 

   95.10]ˆ[ 3 =θE&  days, 15.0]ˆ[ 4 =θE&  days,  
 

   25.18]ˆ[ 5 =θE&  days, 85.32]ˆ[ 6 =θE&  days.         (79) 
 
3.8.  Characteristics of container gantry crane 
reliability before and after operation process 
optimization 

From Section 3.3, we have the values of the 
following container gantry crane reliability 
characteristics before its operation process 
optimization:  
• the expected values of the container gantry crane 

unconditional lifetimes respectively in the 
reliability state subsets }3,2,1{ , },3,2{  }3{  

 
   )1(µ = 4.14  years,  )2(µ = 3.04  years,  
 
   )3(µ = 2.22 years;                                        (80) 
   
• the mean values of the unconditional lifetimes 

respectively in the particular reliability states 1, 2, 
3  

 
   10.1)1( =µ  82.0)2( =µ , 22.2)3( =µ  years;   (81)           
 
• the moment when the system risk function 

exceeds a permitted level  
 
   τ  126.0≅  year.                                                  (82) 
   
From Sections 3.4 and 3.5, we have the values of the 
following container gantry crane reliability 
parameters and characteristics after its operation 
process optimization: 
• the optimal expected values of the container 

gantry crane unconditional lifetimes respectively 
in the reliability state subsets }3,2,1{ , },3,2{ }3{  

 

   )1(µ& =4.61 years,  )2(µ& = 3.36 years,  
 
   )3(µ& =  2.45 years;                                             (83) 
   
• the optimal mean values of the unconditional 

lifetimes respectively in the particular reliability 
states 1, 2, 3 

 
   ,25.1)1( =µ& ,91.0)2( =µ& 45.2)3( =µ& years;     (84)      
 
• the optimal moment when the system risk 

function exceeds a permitted level  
 
   τ&  ≅  0.149 year.                                                 (85) 
 
3.9. Suggestions on new strategy of container 
gantry crane operation process organizing 

The comparison of the values of the selected in 
Section 3.8 container gantry crane reliability 
characteristics before the system operation process 
optimization given by (80)-(82) with their values 
after the system operation process optimization 
respectively given by (83)-(85) justifies the 
sensibility of the performed system operation process 
optimization.  
From the performed in Section 3.7 analysis of the 
results of the container gantry crane operation 
process optimization it can be suggested to organize 
the system operation process in the way that causes 
the replacing (or the approaching/convergence to) the 
conditional mean sojourn times blM  of the system at 
the particular operation states before the optimization 
given by (72)  by their optimal values blM&  after the 
optimization given by (76). The possibility of 
fulfilling this suggestion of the operation process 
parameters changing is not easy and has to be 
checked in practice.  
It seems to be practically a bit easier way, changing 
the operation process characteristics that results in 
replacing (or the approaching/convergence to) the 
unconditional mean sojourn times bM  of the 
container gantry crane at the particular operation 
states before the optimization given by (73)  by their 
optimal values bM&  after the optimization given by 
(77).   
The easiest way of the system operation process 
reorganizing is that leading to the replacing (or the 
approaching/convergence to) the total sojourn times 

]ˆ[ bE θ  of the container gantry crane operation 
process at the particular operation states during the 
operation time 1=θ  year before the optimization 
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given by (75)  by their optimal values ]ˆ[ bE θ&  after 
the optimization given by (79). 
 
4. Conclusion 

The joint model of the reliability of complex 
technical systems at the variable operation conditions 
linking the semi-Markov modeling of the system 
operation processes with the multi-state approach to 
system reliability analysis was presented and  applied 
to the evaluation of the container gantry crane 
reliability characteristics. Next, the final results 
obtained from this joint model and the linear 
programming were used to perform this complex 
technical system reliability optimization.  
These tools practical application to reliability and 
risk evaluation and optimization of a container 
gantry crane operating at the variable operation 
conditions and the results achieved are interesting for 
reliability practitioners from maritime industry and 
from other industrial sectors as well. These tools can 
be useful in reliability and operation prediction and 
optimization of a very wide class of real technical 
systems operating in varying conditions that have an 
influence on changing their reliability structures and 
their components reliability characteristics.  
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